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ECE 310: Digital Signal Processing

PROBLEM SET 4: SOLUTIONS

Problem 1

Chandra Radhakrishnan Peter Kairouz
. H(z2) = ﬁf/g, causal
ROC (|z| > %) contains the unit circle = BIBO stable

. H(z) = ﬁf/g, anticausal
ROC (|z| < %) doesn’t contain the unit circle = NOT BIBO stable. Input example: for z[n] = d[n], output y[n] =
- (%)nfl cos ([n — 1w /2)u[—n] + 7 (%)nfz cos ([n — 17 /2)u[—n + 1] is unbounded.

(Z) = m, h[n} is two-sided
ROC (0.7 < |z| < 1) doesn’t contain the unit circle = NOT BIBO stable. Input example: for z[n] = sin (2n7/3)uln],

X(z) = Y3 and Y(2) V32

-2
_ P jinm ioh ia
= 2T = oo IR Therefore, y[n] contains a term ne?3"™, which is unbounded.

. H(z) = #t, causal

ROC (Jz| > 1) doesn’t contain the unit circle == NOT BIBO stable. Input example: for z[n] = u[n], Y (z) = é%; Therefore,

y[n] contains a term of the form nu[n|, which is unbounded.

. H(z) = ;2;_:],, causal
ROC (]z| > 1) doesn’t contain the unit circle = NOT BIBO stable. Input example: for z[n] = cos (nw/4)u[n], Y(z) has
double poles at e~77/4, Therefore, y[n] contains a term of the form ne=7(™/4"y[n], which is unbounded.

Problem 2

(a) Let the output of the two adders be u[n] and v[n],

Uz) =427 (2X(2) + 3V(2))
(82 + 180) X (2)

= UG =315
V(z) =527 (3X(2) +2U(2))
= V(2) = (iiiﬁig))((z)
=Y(2)=U(2)+ V(2)
= Y(2)(2% — 120) = X (2)(232 + 260)

= y[n + 2] — 120y[n] = 23z[n + 1] + 260z[n]

Y(z) 2324260 23z7! 4260272
X(z)  22—-120  1-120z-2

The direct form structure is shown in Fig.

Problem 3



x[n]

120 260

Figure 1: Direct Form II structure for Problem 2(b)

a) Let m = n + 2, then

0 = 2y[m] — 2y[m — 2] + 4z[m] + 2z[m — 1]
. yln] = yln — 2] — 2z[n] — z[n — 1]

b) Two possible block diagrams are given below:

Direct Form I Direct Form II

X[n] » y[n] X[n] y[n]

Figure 2: Filter structure for Problem 3(b)

¢) For the LSI system, the output y[n] is the impulse response h[n] when x[n] = §[n):

Using the zero initial conditions (h[—2] = h[—1] = 0),

n=0: h[0] — h[-2]=—-2 — h[0] = -2
n=1 h[l]-h[-1]=-1—h[l]]=-1
n>2: h[n]—hn—2]=0

22-1=0

h[n] = A(-1)" + B(1)"

h0] =A+ B = -2

hil]=—A+B=-1

A=-1 B=-3

Bl = (~3(=1)" = 2) uln]

Therefore,

d) From y[n] = y[n — 2] — 2z[n] — z[n — 1] in (a),

Y)1-2)=X2)(-2-2"") — H(z) = =




—222 — 2

H =
(2)=——7
H(z)  —-2z2-1 A . B
z  (z+D(kE-1) 2z+1 2z-1
A:—2z—1 :_1
z2—=1 |,__, 2
B:72zfl _ 3
z+1 |, 2
1
H(z)=—= = 3 where system is causal

Therefore,
h[=1] =0, h[0] = =2, h[1] = -1, h[2] = =2, h[3] = -1

which is identical to the samples of the unit pulse response computed above via direct iteration of the difference equation.
Problem 4
1.

y[n] = x[n] + z[n — 10]

Y(2) = (1+2719X(2)
H(z)=1+2z"1
Hy(w) =1+ e 7109 = 2775 ¢og (5w)
|Hi(w)| = 2| cos (5w)]

—5w for cos (5w) >0
—b5w+ 7 for cos(bw) < 0
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Figure 3: Magnitude and Phase for Problem 4

2. Note h[n] is real since Hy(w) = H};(—w).



T . (T T
x[n] = cos (En) + 3sin <§n + 1—())
T 7r T
yln] = |Ha( = Mot LZH (=
coyn] \d(10)|cos(10n+ d(10
(T T T
y[n] = 3sin <§n+ 0 + E)

1
y[n] = 3sin T+ 13m
3 30

™

)) +3lHa(

. m m m
)| sin (gn 5 4Hd(§))

27 s
-1 T
x[n] 0+5cos<5n+2>

2 2 2
 yn] = 10H,(0) + 5\Hd(§)| cos <;n + g + LHd(;)>

2
y[n] =20 4+ 10 cos (;n + 72T>

Problem 5

1
— b7 < |z| <2
Boz—2)—22(z-H—-6(z—2)(z— 1)
7 Zz—Q)(z—i) 74<|z\<2
z—3 1
= G960 1 <zl <2
ha[n) = 8[n] — 3" 'u[-n] = 6[n] — %3”11[—"]
1 1
= 0[] — 33"u[-n — 1] - 7o[n]
= 26T0] + 3 (~(3)"ul-n — 1]
H2(z):§+;)<z 3> 2] <3
2
-3 |z| <3
Hy () (=) (z—=3)(2—2) S<la<2




H,(z) is not causal, BIBO stable
Hj(z) is not causal, BIBO stable
H,(z)H2(z) is causal, BIBO stable.

Problem 6
The inputs

x1[n] = 3, x2[n] = cos (Zn + 100) =sin (%n + 100°>, x3[n] = sin (gn + 250)

correspond to outputs
. (T o
y1[n] =9, y2[n] = 2sin (ZTH— 10 ), ys[n] =0

Therefore,
™ :0(° ™
Hy(0) =3 Hd(z) = 2¢79% Hd(g) =0
- . (T o ™ o
Zn] = 5+ 2sin (Zn—i— 15 ) + 10 cos (—gn—i— 25 )
= 5+ 2sin(Gn+15°) +10cos (G0 —25°)
_ T . (T R T T T R 7r
“gln) = 5Ha(0) +2/Ha(T)|sin (Zn F15° LHd(Z)) + 10 Hy(5)| cos (gn —25° 4 AHd(g))
— 15+ 4sin (Gn - 757)
Problem 7
Note h[n] is NOT real since Hg(w) # H}(—w).
1.
z[n] = 54 107 (FnH45%) 4 jn
=5+ 10e/(3n+T) 4 eI
. y[n] = 5H4(0) + 106J’<%”+%>Hd(%) + ej%"Hd(g)
=0+ 10e7(En+T) . %e% +eln. gej
_ %ea‘(%m%% L Tl
2.
x[n] =5+ 10 cos(%n +45°) 4+ 5"
=545/ (EntE) L ge—i(GntT) | pign
.y[n] = 5Hy(0) + 5eﬂ’<%”+%>Hd(g) + 5e*j<%”+%>Hd(—g) + ej%an(g)
=0+ 5e0EnHT) . %eﬁ — 5 IAn+T) . 26_% ez, gej
5% 2 om
Problem 8



1 1

Y(z) = _
@) =15 "1 HI23
-1
z
A2 a—31 "
1 621
X(2) = - 2
) =5 11 I
1—6271
=g, 122
L1
H(z) = bject t
(2) 0=3:- (1 =61 subject to |z| > 3
1 1 1 .
=3 <1 — T 1 _32_1) , subject to |z| >3
One-sided, causal solution (ROC: |z| > 6):
) = (~3)" + 50" ) ulw
n] = - uln
3 3
Two-sided solution (ROC: 3 < |z| < 6):
1 n 1 n
hln] =~ 3)"uln] — L (6)"u[-n ~ 1]

(b) The solution is not unique. There are two possible answers as shown above. The system is unstable for both solutions.
Therefore, even if the system is known to be unstable, there are two possible solutions. If the system is given to be causal,
then the ROC is |z| > 6 and there is a unique, one-sided solution for h[n].

Problem 9

(a) The poles are at re*7“° and zeros at e¥7«o. The sketch is shown in Fig. 4

Figure 4: Pole-zero plot for Problem 9(a)



(b) For w = wy, Hq(wy) = 0. For values of w # 0, the poles and zeros cancel resulting in Hg(w) = 1.

(c)

1 — eIwoe—iw|2|] — p—iwop—jw|2
|H(w)|2:G2 ‘ € € || € € |

|1 — re=Jwoe=iw|2|1 — re—Jwoe—Jw|2

B 2(1 = cos(w — wp)) 2(1 — cos(w + wyp))
=G 1472 —2rcos(w — wo)} L + 72 — 2rcos(w + wo)}

where wyp = §. Then

d|H (w)|
dw

3
= |H(7)|* = 4G* (W‘:ﬂ) =1

G:%(l—&—r—i—rQ)

=0=w=m

(d) The direct form II structure is shown in Fig. 5.

y(@m)
Figure 5: Pole-zero plot for Problem 9(d)
Problem 10
All three systems are causal.
(a)
3 T -2 -1
Hy(z) = §Y(z) — 37 Y(2)+27°Y(2) =2X(2)+ 27 X(2)
_ 32(z+3)
22—1z+2
_ %z(z + %)
(z=2)(2 - 3)
Hence ROC : |z| > 2. The system is not BIBO stable.
Similarly,
1 _1
HQ(Z) — (Z 4)(Z 3)

S
I
—~
I\
+
N[ =
~—



ROC: |z| > 1, BIBO stable.

ROC: |z| > 1. BIBO stable.

(b) Since Hy(z) and Hs(z) are BIBO stable we can connect them in series in any order to create a BIBO stable system.

—(z—2)(z — Ly, -1
HQ(Z)HB(Z) = 2(2’ 1 -+ 1 — f)
2 5 2

=8,2(, 4 1
) = g
ROC: |z > 1
©
V() + )= ) - 3) = ~X()535( + 3)
Y(2) (z3 _ %f + 310) — _X(2) (if + ;?)
= yln] — 3o9ln — 1]+ syln — 3] = = X[n] - 3 X[n— 1
Problem 11

(a) By looking at the plots, the only system that is BIBO stable is system C, whose poles all lie within the unit circle. The other
systems have poles have outside the unit circle.

(b)
Halx) = = 0.5)%2 - zlgz;r(j)— 2¢9%)
Hal2) = 263"?)((;—_ 226)7(3? - )2();:@25 ;(z —9e %)
o) = e e
o= 00
(c)

Hpc(z) = Hp(2)Hc(2)
(z—2)(242)(z — 0.5)
(2 — 0.5¢/%) (2 — 0.5 75 )(z — 0.5¢75 ) (2 — 0.5¢ /%)

Since the poles are inside the unit circle the system is BIBO stable.



Now compute the inverse z-transform,

LG R
z —0.5e) % 2 —0.5e 1%
3\f 33

z— 0.565 5 2—0.5e77%
= hpcn] = (Z —j4\/§> (O.Sej%ﬂ)nil uln — 1]+ < j4\f> (0 56_77)7%1 u[n — 1]

Hpc(z) =

(0.567j%)n_1 u[n — 1]

2+ 0.5
(2 —2e75) (2 — 2e7%)

Hap(z) = Ha(z)Hp(z) =

Since the poles are outside the unit circle the system is NOT BIBO stable.
The inverse z-transform is,

1 ? l+j@

Hap(z) = ,22— 273 + (;— 2651%)
= hapln] = (; —jf) (2673 )n—l ufn— 1]+ <; +j\{f> (2€7j%)n—1u[n_ 1



