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ECE 410 DIGITAL SIGNAL PROCESSING D. Munson
University of Illinois Chapter 12
IIR Filter Design

1) Based on Analog Prototype

a) Impulse invariant design
b) Bilinear transformation ([J) ~ widely used

2)  Computer-Aided Optimization

Designs in category 1) proceed by first designing an analog filter having a frequency response
with the desired shape, and then “transforming” it to a digital filter. To use these design
methods, we must first learn just a bit about analog filter design.

Elements of Analog Filter Design

Notation:

e 0]
Hr(s) = J h,(t) estdt (Laplace transform)

00
= Ha(Q)=HL(Q) (Fourier transform)

Consider only lowpass Butterworth, Chebyshev, and elliptic (Cauer) filters.
For each of these types of filters, Hj (s) is found indirectly from a specified |Ha (sz.

We need Hj (s) because, later, this is what will be transformed into H(z).

For Butterworth, Chebyshev, and elliptic filters, |Ha1 (Q)l2 has the form:

1
1+F(Q2)
T

rational with
real coeffs.

[Ha (@) =M(@2) =
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How do we get Hy (s) from |Ha (Q)l2 ? That is, how do we find Hj (s) satisfying
LG = Ha@) = M@ *)
Answer:
1) First find poles and zeros of M(—s2) where s is a complex variable. Since M has real

coefficients and is a function of s2, the poles and zeros will have symmetry around both
the real and imaginary axii.

2) Take Hy (s) to be the left-half-plane pole factors (for stability) and left-half-plane zero
factors (for smallest delay, called “minimum phase”).

ut, does this work?

Need to show
. 2
[HLGO™ = M(©Q2) (1)
Have:

HL(S) HL(-s) = M(-s?)

RHP factors
LHP factors

which implies
HL(GQ) HL(HQ) = M(Q?)
So, (1) will be true if

HL(HQ) = H{ (jQ) (2)

This follows, though, because the poles and zeros of Hj (s) are symmetric around the real axis,
and therefore occur in complex-conjugate pairs. For any pole pair or zero pair (s—p) (s—p*) in
Hj (s), we have

(s—p) (s— P*)IS _ o ~ (38p) (5% = [(2-p%) (P = {(S P)(s—p*)|s - jg}

which proves (2), and therefore (1).



Example

[H, (@) = M(Q2) =

Find Hy (s).

We have

M(-s2)

:

1
1+02

1
1-s2

1
(1—s)(1+s)

[ —)

LHP factor

1]
= Me=7]

Let’s check to see if |Ha (Q)l2 = above M(Q?):

2 . 2
[Ha (@) = [HL(O)
2
O
i+ o+
= ! = M(QZ)
Q2 +1
Example
2402
Suppose M(Q32) =
upp @)= T-%
Then
2 —s2
M(-s2) = )
(-s%) 1 +s4

(7))

B G+ D616 =161

O

(not for a B, C, or E filter!)

12.3
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i 1+
= 4 T e—
Y=¢ 2
Pole-zero diagram:
S
2
= Take H(s) = \/_——i-s* (LHP factors)
(s+v)(s+77)

Can check that [H; (JQ)" = M(Q2) .

M(sz for B, C, and E Filters

Butterworth
M(Q2) = ———— with F(Q2) = Q21 for nth-order filter
1+F(Q2)
Result:
o\ _ 2
M(Q?) =[Ha(Q)|
1.0 4
<+—— monotone ~ no ripple
L L L

1.0 Q

2n
Q
M(Q2)=.5at Q=Q,=1.0. For a general cutoff frequency Q, use F(Q?2) = [—j .

Qc
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Here, we are defining the cutoff frequency to be the value of Q2 wherelHa (Q)l2 is reduced to one-
half its maximum height, or correspondingly, |Ha (Q)l reaches 1/4/2 times its maximum value.

This definition of cutoff frequency is common, particularly for smooth frequency responses that
contain little or no ripple.

Optimality: This M(Q2) has maximum # of derivatives = 0 at the origin for its order. Thus, the
response is very flat across lower frequencies.

Can show poles of M(—s2) = Hy (s) Hp(~s) are equally spaced on the unit circle. This fact helps
in factoring M(—s2).

Chebyshev

F(Q2)=¢2 C2(Q)

where ¢ is a real constant chosen by the designer and Cy(¢) is the nth-order Chebyshev
polynomial:

(cos(n cos1(Q)) | <1

Cn(Q) =1
Lcosh(ncosh—1 (Q)) | >1

with

et +et

cosht=

Can show:

Co(Q)=1,C1(Q)=Q, Cr(Q) =202 1,
and that there is a recursion relation:

Cn+1(€2) = 2Q Cy(Q) — Cp1(€Q)

Result:
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M(Q2) =[Ha@)

1.0 Q

For this type of filter, the cutoff frequency is defined to be the value of QO where |Ha (Q)l2 first
drops below 1/(1+ €2) or, correspondingly, |Ha (Q)l first drops below 1/41 +g2,

This is a “Type 1”7 Chebyshev filter. Its response is equiripple in the passband and monotone
decreasing in the stopband. It has a narrower transition band than a Butterworth filter.

Tradeoff: Smaller ¢ gives smaller passband ripple but a wider transition band.
Poles of M(-s2) = Hy (s) Hy (-s) lie on an ellipse.

There is also a “Type 2” Chebyshev filter that has a monotone response in its passband and
equiripple behavior in its stopband.

Elliptic
F(Q2)=¢2] rzl(Q) where J;, is the Jacobi elliptic function.
The defining formulas for J, are so cumbersome that they are not presented here.

Result:
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M(Q?) = |[Ha(Q) 2

Qp \Qs

The response is equiripple in both the passband and stopband.

Elliptic filters are optimal in the sense that for a given n, 6p, 65, {2, the transition bandwidth
Qg - Qp is the smallest possible.

ZH,(€) for B, C, and E filters is reasonably linear till you get near the edge of the passband,
where it can be quite nonlinear.

The phase response is closest to linear for B, then C. Elliptic is worst.

All-pass filters are sometimes cascaded onto elliptic filters to compensate for the nonlinear phase
of elliptic filters.

All-pass filters have |Ha (Q)l = constant and the coefficients are chosen to shape Z/H,(Q) in a
desired way.

Bilinear Transformation
Start with analog prototype Hp (s).

Take

1-z-1
o
1+z-1

H@) = Hi )|

S=

a is a real positive constant that we will be able to choose to control the cutoff frequency of
the digital filter.
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71

s=a is a bilinear transformation (BLT) of the z-plane to the s-plane. For

1+2z1

example, the point z, maps to the point s, as shown below.

|m(Z) |m(S) |
z-plane o — S-plane
Zg
T . T
/ 3 So=jatang
Re(z) Re(s)
T
Zo=¢elz
To see this, note:
-1 _in I in _in
S _al_zo _al—e T4 I s efs _e s
[ T P )
1+ZOI l+e 4 e I8 ei§+e IR
2jsinE -
= =jotan —
2 cos— 8
8

So, if we design a digital filter using the BLT, then H(z,) = Hd(g) will have the same value as
Hj (so) = Ha(oc tan %) .
We must have a much broader understanding than this, however. Questions:
1) Stable Hy (s) = stable H(z)?
ii) How is Hg(w) = H(ei® Jrelated to Hy (s)?
Answer 1) by considering a point s = s, and determining what z it gets mapped to.

1—z1
1+2z1

BLT mapping is s = a

= s (1+Z*1)=0L (I—Z*l)



= zl(s+a)=a-s

o+

= Z
o —S

So, a point sq = 6o + J Q.

gets mapped to:
+0,+]Q
Zo= m (*)

oa—0,-]Q,
1.e., H(z,) = Hy (s,)-

From (*)

Maropro2 1"’

|ZO|

(@—0,) +Qy2
So:
[< 1 0,<0
|Z0| =1 0,=0
>1 6,>0
giving:

a)  Left-half s-plane is mapped inside the unit circle in the z-plane.

b)  Right-half s-plane is mapped outside the unit circle in the z-plane.

¢) Imaginary axis in s-plane is mapped onto the unit circle in the z-plane.

Note:

[a) = stable Hy (s) results in stable H(Z)]
[c) = Hy(w)= H(eJ®) depends only on H} (jQ) = Ha(Q)]

What is the relationship between Hy(w) and H,(€2)? Hy(w) is given by

12.9
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Hy(0) = H(E®) =HLG)| | o
S=Q—
I+e7J®
Note:
l—e_j(” e_jm/2 ejco/2_e_jm/2

(04 - = : " -

2jsin2
: )
=q, =jatan —
2 cos— 2
2
So,
Hg(w)=Hp () s=joctan%

Since H,(Q) = H (j€2) we have

Hy(0)= Ha[octan%j (0)

This equation tells us exactly how, when using the bilinear transformation design method, the
frequency response of the designed digital filter will depend on the frequency response of the
analog prototype.
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Pictorial interpretation of ([J):

Ha(wo) = Ha(Qo)

So, Hy(m) takes on exactly the same set of values as H,(€2), but there is a squashing of the
analog frequency axis, according to the above curve. This mapping is nonlinear, and it has to be,
since the infinite-length analog frequency axis —oo < Q) < oo is mapped onto the finite-length
interval —t < ® < m. Because of this, Hg(w) won't look like Ha(Q2) in general. It will be a
warped version. This effect is sometimes called “frequency warping.”

Example

Applying the BLT to an analog prototype having frequency response:

Ha(Q)
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results in:

Ha(w)

s e el

|
| w
Tt

In general, to design Hy(®) having a desired shape, we would need to design H, () so that after
application of the BLT, the frequency warping produces the desired Hy(®). Thus, we would
need to “prewarp.”

Let the desired Hq(®) be D(m).

(IJ) = want Ha(atan%) =D(w)

= Hy(Q) = D(Ztan—1 %) (A)

If we could design Hp (s) to satisfy (A), the BLT, would then give
Hy(®) = D(w) .

This is problematic, however. The design of Hy, with a general shape will require computer
optimization. Thus, we may as well design Hy directly, using computer optimization.

Fortunately, for LPF’s, BPF’s and HPF’s, there is no such problem. For these kinds of filters,
frequency warping just affects the cutoff frequencies, e.g.,

Ha(Q) Ha(w)
BLT
_
| |
[ [
Qc Q . e @

From (U)):

Q. =a tan% ()
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So, we can simply pick O to give the desired o.. Equivalently, if Hy(€2) is normalized to
Q¢ =1, we can choose a in the BLT to give the desired .

This suggests two alternative, but equivalent, design procedures:
1. a) Choose a arbitrarily, say a = 1.

b) Then design the analog prototype to have cutoff Q. given by (I ).

c) Apply the BLT.

2. a) Use an analog prototype with Q).

b) Choose a to give the desired .

From (I ),
_ (mc)
o = Q¢ cot L >
so that the BLT method becomes

H(z) = HL(s)

Analog prototype filters are usually designed with normalized cutoff frequencies Q. = 1.0. In
this case, the bilinear transformation method of design reduces to

HO=HL6) o101 (BLT)
s=cot—& ——
2 1+z-1

In this course, we will use the second option, with Eq. (BLT), to perform the bilinear
transformation method of design.

Example
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Design a first-order Butterworth digital filter with o, = %

Solution:

First, find the analog prototype:

1

2 _BQ2)=
[Ha (@) =B©@) = —

1
B_2 = = °
59 1—s2 1-s 1+s

Pole locations:

Take LHP factor for Hy (s):

1
Hi(s) = —
L) s+1
Apply (BLT):
1
H(Z) - _ls:cotE 2!
S+ 8 1+z-1
T
2.4142
1
= H(z) = 1
2.4142 7 +1
+7z
1+2z1

24142 (1-z 1) +1+21

1+2z!
3.4142 —1.4142 771

, using the BLT method
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2929+ .2929 z-1
1-.4142 771

Now, since H(z) resulted from a BLT design using an analog prototype filter with |Ha (Oj =1
and |Hd(oo)| =0, we know

|Hd(0)| - |Ha(0j =1 and |Ha(nj - |Ha(oo)| =0

Furthermore, since the digital cutoff is %, we should have

1

2

( n)
H —_
‘ i\
Thus, [Hq(o) should look like
[Hg(e)l

1.0
0.707 4 - - -2

1
:
n
4

The correctness of the values of |Hd(03)| at ® = 0,  can be easily verified from the transfer

function H(z). Note that
2929 +.2929
— =10

Ha(0) = H(&) = H(1) = ===

. 2929 —.2929
Hy(m) = H(@™) =H(1) = ——"7"— =

For o # 0 or m we can always evaluate the magnitude response via the lengthier calculation

()] 12929 +.2929 e-io|
@) = T e

(29294 .2929cosw)? + (2929sinw)?
V(1 — 4142 cosm)? + (4142sin )2
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Finally, a plot of ZH4(®) would show that the phase is nearly linear for |®| < % and becomes

: T
more nonlinear for |o| = 1 and larger.

Example

Similar to previous example, but now design a second-order Butterworth digital filter with

(DC:Z.

To find analog prototype, note

2 1
H,(Q) = M(Q2)=
. () @9 1+04
o 1 jan s
= B(-s*) = e 4
9 1+s4
1
Left-half-plane poles are used for Hy (s):
1 1
Hi(s) = ) SN
(s—eﬁ_f) (s—eJ?’_f) s2+42s+1
H(z) = HL(s>L
n 1-z-1
=cot—
8 1+z-1
_ 1
- 2
1—7z-1 -
(2.4142)? le F24142 324
(1 + Z—l) 1+ 2z~
(1+z71)2

(2.4142)2(1-2z1+22)+2.414242 (1-22)+ (1 + 221 +22)
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_ 1+2z14+22
10.23-9.66z"1+3.4122

_0.098+0.196z1 +0.098 22
1-0.9447z71+0.33322

Now, once again, from the shape of the analog prototype Ha(€2) we know

1
~h [Ha(m} =0

Hq(0) = 1, ‘Hd(%)

However, for the second-order filter, the frequency response makes a sharper transition around

We = % and looks like

[Hg(0)

1.04
0.707 -

The phase ZHg(w) will again be quite linear across the passband and more nonlinear across the
stopband.

Let’s try to get a better feel for the BLT mapping by considering one further example.
Example

Suppose that an analog prototype filter Hy (s) has the frequency response

Ha(Q)
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and that the bilinear transformation is used to produce a digital filter with H(z) = H (s S_l—z*l .
14zl

Sketch |Hd(c))| . Label all critical frequencies and amplitudes.

Solution
Hg(w) 1s a squashed version of Hy(Q2), described by

Hy(w) = Ha(atan%) =H, (tan%)

Thus, the value of Hg(w) equals the value of Ha(QQ) at Q = tan % . So a feature (e.g., jump) in
Ha(Q) that occurs at QQ = Qg will occur in Hyg(w) at

oo = 2tan~1 Q
The interesting features in Hy(€2) occur at Qg =1, 2, and 3. In addition let’s also consider
Qo = 1.5. The corresponding wg are given in the table below.
1.5 2 3
0.7057 | 0.795 =

Qp 1
Q)] 05m 0.626

Thus, [Hy(®)| looks like

[Hg(w)l
2
11
| | | | | |
| | | | | |
—m—-795T /‘ -t I /4 7%mn o W
2 2
—626 Tt 7051
626 11

-705T1
Notice that Hyg(w) takes on exactly the same set of values taken on by Hy(€2). It just does so at

different frequencies, which causes a change in shape.

2. Computer-Aided Optimization
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Used for IIR designs with general magnitude and/or phase specifications (i.e., Hj(®) not LPF,
HPF, or BPF).
Digital Frequency Transformation

By making a “change of variable” in Hy (s) or H(z), we can transform an analog or digital LPF to
a LPF having a different cutoff frequency, or to a HPF or BPF.

We will consider only digital transformations (transformations of H(z)).

Procedure:

Let H(z) be the transfer function of a low-pass digital filter. Then simply substitute for z-! in
H(z), using the expressions below, to produce filters having the described characteristics.

Lowpass — Lowpass

z1-B

z1l-
1-Bz!

. = cutoff of new filter

sin [(oaC - )/2]
sin [((;)C + o} )/2]

Lowpass — Highpass

z71-B
1-Bz!

715

. = cutoff of new filter

cos [(o)C +O¢ )/2]
cos [(o)C L )/2]

Lowpass — Bandpass

z2 Bz +Bp
Brz2-Przl+l

N
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®, = lower cutoff of BPF
o, = upper cutoff of BPF
By = 2YK/(K+1)

By = (K—D/(K+1)

cos [(o, +m/)/2]
cos [((1)u - (ng)/2]

®, - ® ®
K = cot u2 L tan —<

Relationship Between Pole and Zero Locations and Frequency Response
In digital filter design we choose the coefficients of

Cagtayzl+tayz N
l+bjzl+--+byz N

H(z)

to shape the frequency response Hg(w) = H(eJ®) in a desired way. Since H(z) can also be written
in terms of its poles and zeros as

Z—7

N
H(z)=ay [1
izl Z—DPj

this provides an alternative parameterization of H(z). Choosing the pole and zero locations of
the filter is basically equivalent to choosing the {a;} and {b;}. In this connection, it is worth
exploring how the pole and zero locations affect the shape of Hg(®).

The general shape of |Hd(co)| often can be visualized from knowledge of the pole and zero
locations of H(z). This is especially true for situations where poles are near the unit circle and
zeros are either on or near the unit circle.

Example

Consider a causal, stable all-pole filter with

1 1

22—(2occosmp)z+a2 (z—ocej(op )(z—oce_j“)p)

H(z) =
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and 0 <a < 1. H(z) approaches o at the pole locations and approaches zero for |z| large. Thus,
we expect [H(z)| to look somewhat like a two-pole circus tent:

Re(2)

Here, the pole locations are marked by x and are at a distance o from the origin. Since H(z) is
causal, its ROC is {z : |z| > a} and the above tent covers only this set of z. (The tent is
undefined elsewhere.) Since o < 1, ROCy includes the unit circle. Thus, the frequency response
Hg(w) = H(el®) is well defined and is a circular slice of the circus tent, around the unit circle.
Now, since H(z) is infinite at z = a. 1P, we expect that H(z) will be large for z near the poles.
If a is nearly one then the poles are close to the unit circle and Hgq(®) will be large for o such
that el® is close to the poles. This suggests that |Hd((oj will look like

Ha(w)|

1 T W

—Wp Wp

where the peaks occur near ® = wp.

Example
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z2 —(2coscop)z+1 (2—6ij )(z—e*jmp)

22—(2occosmp)z+a2 (z—ocej(”P )(z—oce_j“)p)

As before, H(z) approaches oo at the pole locations z = o ¢, H(z) = 0 at the zero locations
z=¢7°p. Thus, [H(z)| is similar to the previous two-pole circus tent except it “touches the
ground” at the zero locations z = 7P as shown below, where poles are indicated by x and zeros
are represented by O.

H(z) =

Re(z)

Since the pole and zero locations are close together, it may seem difficult to determine what
Hg(®) = {H(z) for z on the unit circle} will look like. A simple observation helps greatly,
though. Suppose

L mm)@-n)
T e e ) -

so that

_ |eio — 7| lejo — z,|

- lei® — py| |eio —py

[Hg (o) = [H(ei®)

Then, the value of |Hd(03)| at some specific frequency o* is
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|eio* — 7| |eio* — 2|

|ejor — py|[eio* — py| *

The factor |ejm* —Zil is the distance in the complex plane between el®* and z;. Likewise, the

factor |ej@* — Pil is the distance in the complex plane between ei®* and p;. Thus, |Hd((o *)l is the
product of the distances between el®* and z, and between el®* and z,, divided by the product of
the distances between el®* and p1, and between eJ®* and py. In our example, these distances can

be visualized for three different frequencies ® f by examining the figure below.

Im(2)
Z1 %
duw2
P1
do3 - dot
—~wp Re(2)
P2
Z2

We see that the distances from /1" to the zero z) at P and to the neighboring pole pj are
nearly the same. Likewise, the distances from e'®!" to the zero z; at ¢ 7P and its neighboring
pole py are nearly the same. Thus,

| ) elor -7 elor ~75
Hy(o] )= 1— = — ~(H(1) =1
d( 1 |eJ°°1 _p1| |e_]u)l _p2| (D@

The same result holds for any (of that is close to zero.

Similarly, in the case of 13" we see that distances to all poles and zeros are nearly equal. Thus.

|Hd(0)§)z 1,



12.24

which holds for any co§ roughly satisfying % < |co§| < . The distance between /2" and the

zero at e/®P approaches zero as o;); — oy Thus

[Ha(03) =0

for 5 close enough to wp. These considerations lead to the |Hd(co)| sketched below.

Hg(w)|

il —0p Wp s W

Here, we can find the precise values of |Hd(0)| and |Hd(n)| by using

2—2coscop
Ha(0) = H(1) = ——
1+a —2acosmp
2+2cosoap
Hq(m) = H(-1) =

I +0a2 +20acosm),
The above frequency response is that of a crude notch filter where signal components near
o = op are greatly attenuated and signal components at other frequencies are passed with nearly

unit amplitude. The nulls (notches) in Hq(w) at o = @y, are caused by the zeros of H(z) at
— o
z=¢7"P.

It is only slightly more difficult to gain a rough idea of what Z/Hg(w) will look like. From (L)
we have

ZH{(0) = £(e1® = 7)) + Z(el® — 23) — Z(el® —p1) — £(e® — py)
Each term (el® — zj) or (e® — p;) is a vector in the complex plane. Z(el® — zj) and Z(el® — p;) are
simply the angles of these vectors with respect to the positive real axis. This interpretation can
be helpful when trying to visualize ZHg(w) for low-order filters. In general, however, Matlab

should be used to plot both |Hd((oj and ZHg(w) for higher-order filters

Example
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For an FIR lowpass filter, use Matlab to find the zero locations of H(z). (All poles are at z=0.)
You will find that zeros in |Hd(03)| within the stopband are caused by zeros of H(z) on the unit
circle. Other zeros of H(z) are strategically placed off the unit circle to give a flat response in the
passband.

Example

For a Butterworth lowpass filter you will find that some poles are located near the unit circle eJ®
for  corresponding to the cutoff frequency.

Example

For an elliptic lowpass filter you will find poles near el® for o = cutoff frequency, and some
zeros on the unit circle at locations corresponding to the stopband.



