Chapter 5

7z-transform

5.1 The z-transform of sequences

Laplace transforms are used extensively to analyze continuous-time (analog) signals as well as systems that
process continuous-time signals. As you may recall, the role of the Laplace transform was to represent a
large class of continuous-time signals as a superposition of many simpler signals, sometimes called “basis
functions” or “kernels”. For the Laplace transform, the kernels were complex exponential signals of the form,

es! | and we represented signals for which the Laplace transform existed according to the formula

z(t) = %j&ng(s)eStds,

where the integral is taken as a line integral along a suitable closed contour C' in the complex plane. While
the integral form of the inverse Laplace transform can be a powerful tool in the analysis of continuous-time
signals and systems, we can often avoid its direct evaluation by algebraically manipulating the expression for
X (s) such that it can be represented as a sum of terms, each of which can be immediately recognized as the
Laplace transform of a known signal x(¢). Then, using linearity of the Laplace transform, we can construct
the inverse transform, term by term. We can view the inverse Laplace transform as a way of constructing
x(t), piece by piece, from many (an uncountably infinite number, actually) simpler signals of the form e*t,
where the amount of each such signal contained in the signal z(t) is given by X (s)ds. To determine how
much of each complex exponential signal e*! is contained in z(t), we have the Laplace transform formula
given by

o

X(s) = / 2(t)e="dt.

— 00

For signals that are zero, for negative time, this integral can be taken over positive time, giving the one-sided,
or unilateral Laplace transform,

X(s) = /x(t)e*“dt.
0

For many linear time-invariant (LTI) continuous-time systems, the relationship between the input and output
signals can be expressed in terms of linear constant coefficient differential equations. The one-sided Laplace
transform can be a useful tool for solving these differential equations. For such systems, the Laplace transform
of the input signal and that of the output signal can be expressed in terms of a “transfer function” or “system
function.” In fact, many of the properties, such as causality or stability, of LTI systems can be conveniently
explored by considering the system function of the continous-time system. Another helpful property of the
Laplace transform is that it maps the convolution relationship between the input and output signals in the
time domain to a conceptually simpler multiplicative relationship. In this form, LTI systems can be thought
of in terms of how they change the magnitude and phase of each of the kernel signals e*! individually, and
then the output of the system is given by a superposition of each of these scaled kernel signals.
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100 z-transform

For discrete-time signals, we will see that an analogous relationship can be developed between signals
and systems using the z-transform. The discrete-time complex exponential signal, 2™ , where z is a complex
number, plays a similar role to the continuous-time complex exponential signal e*!. We have already seen
that discrete-time signals of this form play an important role in the analysis of linear, constant coefficient
difference equations (LCCDEs), through the their aid in developing the characteristic equation and finding
solutions to homogenous LCCDEs. There is great elegance in the mathematics linking discrete-time signals
and systems through the z-transform and we could delve deeply into this theory, devoting much more time
than we will be able to here. While our treatment of the z-transform will be limited in scope, we will see
that it is an equally valuable tool for the analysis of discrete-time signals and systems. We will use the
z-transform to solve linear constant-coefficient difference equations, as well as develop the notion of discrete-
time transfer functions. We can then use it to readily compute convolution and to analyze properties of
discrete-time linear shift-invariant systems.

We note that as with the Laplace transform, the z-transform is a function of a complex variable. The
transform itself can also take on complex values. As a result, it is a complex function of a complex variable.

5.2 Unilateral (one-sided) z-transform

Now, we will begin our study of the z-transform by first considering the one-sided, or unilateral, version of
the transform. The unilateral z-transform of a sequence {z[n|}>2 __ is given by the sum

X(z) = Zx[n]z_" (5.1)

n=0

for all z such that (5.1) converges. Here, z is a complex variable and the set of values of z for which the
sum (5.1) converges is called the region of convergence (ROC) of the z-transform. The z-transform maps
sequences to functions and their associated region of convergence, such that X (z) is the z-transform of the
sequence {x[n]}22 . When it is clear that we are discussing sequences defined for non-negative values of the
independent “time” axis, or n-axis, we will write x[n] simply, and omit the brace notation {}5, indicating
the positive n axis. The sequences for which the z-transform is defined can be real-valued, or complex valued.
Note that the summation (5.1) multiplies z[n] by a complex geometric sequence of the form z~", such that
the series will converge whenever |z[n]| grows no faster than exponentially. The region of convergence will be
all z such that the geometrically-weighted series (5.1) converges. This region will be all values of z outside
of some circle in the complex z-plane of radius R, the “radius of convergence” for the series (5.1) as depicted
in Figure (5.1).

When we call X (z) the transform of the sequence {x[n]}22,, we imply a form of uniqueness for the z-
transform. Namely, we imply that for a given sequence {x[n]}52, there exists one and only one z-transform
X (z) and its associated region of convergence. Similarly, for a given z-transform X(z) , there exists one
and only one sequence {z[n]} 2, for which the series in (5.1)converges for |z| > R. The uniqueness for the
z-transform derives from properties of power series expansions of complex functions of complex variables.

Example Consider the sequence x[n] = 2", defined for non-negative n as shown in Figure .

This discrete-time sequence has a z-transform given by

(oo}
X(z)=>) 2"z",
n=0

which can be re-written as
(o] 2 n
X(2)=Y <Z> .
n=0
To determine the region of convergence of this z-transform, we simply need to consider the values of z for

which the power series converges. This can be accomplished by recalling the method for summing an infinite
geometric series. Recall that for a series of the form
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Figure 5.1: A typical region of convergence (ROC) for a unilateral z-transform. The radius of convergence,
R, is shown and the ROC is all values of z such that |z| > R.
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Figure 5.2: Discrete time sequence x[n] = 2" for n > 0.
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102 z-transform

where a is a complex number, we note that this is really shorthand notation for the limit
N
S = lim Sy = lim a”.

N—o0 N—o00
n=0

For the finite geometric series defining Sy, we write

SN = (1+a—|—a2+...+aN).
Since this is a finite series, we can multiply both sides by a to obtain

aSy = (a+a®+...+a¥ + V).

Subtracting, we obtain

Sy —aSy = (1—d"

Sy(1—a) = (1-a"V ).
Now, if a = 1, we know that Sy = N + 1. When a # 1, can divide both sides by (1 — a) to obtain

1— N+1
Sy =-—2

1—a

which is valid for all @ # 1. Returning to the definition of .S, we have that

1—aVt!
i oy
5 Ngnoo SN Ngnoo 1—a ’
which will only be finite when |a| < 1, for which we have
1
S =
1—a
This is a special case of the series
N
S = Z a” = (@™ + a4 a™2)
’IL:Nl
aS = (Mt a2 4N N2,
leading to
S(1—a) = (a™ — a2t
or

so long as a # 1.Note that this holds even for values of a that have magnitude greater than one. When

Ny = 0o, we may consider

N1 _ gN2+1 Ny

) ) a a
lim S = lim = ,
No— oo No— oo 1—a 1—a

so long as |a| < 1. When Ny = 0, this takes the form S = 1 seen above. To summarize, we have seen that

No Ni _ , Na+1
Z a” = i, for a # 1 (5.2)
1—a
n:N1
and
e’} CLNl
Z a" = , forla| <1} (5.3)
1—a
n=N;
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5.2 Unilateral (one-sided) z-transform 103

Now returning to our example, for z[n] = 2", n >0, let us find the ROC for X (z), the z-transform of z[n].
Is z =1 in the ROC of X (2)? Is z = 3 in the ROC? First consider z = 1.

X(1) = i 2"
n=0

— Z 2n7

n=0

which clearly diverges. Therefore, z = 1 is not in the ROC. Now consider z = 3.

Z(3) = iz”:’r"
-3

n=0

1

wlN

1—
= 3.
Thus, X (z) is well-defined at z = 3 and therefore z = 3 is a point in the ROC of X (2).

In this example, we saw that a larger value of z was in the ROC, whereas a smaller value was not. It
should not be a surprise that larger values of z are more likely to be in the ROC. Why so? Because, in the
definition of the z-transform, z is raised to a negative power and multiplied by the sequence z[n]. Therefore,
the z-transform is essentially a sum of the signal z[n] multiplied by either a damped or a growing complex
exponential signal z~™. Thus, larger values of z offer greater likelihood for convergence of the z-transform
sum, since these correspond to more rapidly decaying exponential signals. In general, X (z) converges for
all z that are large enough, that is, when z is sufficiently large, that the signal z[n]z~™ becomes summable.
Specifically, X (z) converges for all z such that |z| > R (for some R). Thus, the ROC of X (z) includes all
points z lying outside a circle of radius R, as illustrated in Figure 5.1. To discover the value of R for a given
sequence, we need only consider the convergence test that we need to apply when we try to compute the

z-transform sum.
SO}
Z )

For our example, we have
n=0

which, when applying the formula (5.3)for a geometric series, yields

o - ()

n=0
1 2
= . 15 <1
I MNE
z
= ) >2’
z—2 12

that is the ROC of X (z) is |z| > 2. We can look at a more general example, such as that considered next.

Example
Consider the sequence x[n] = a™, for n > 0, where a is a possibly complex constant. To determine X (z),

we consider the sum

X(z) = Zanz_"
n=0

Il
Nk
—
SRS
NG
3

n=0
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which for |z| > |a| converges to

Note that

a
‘f‘<1@
z

This, we have

ﬁ|<1¢>|a|<z|¢>|z|>|a|.
z

z

X(z) =

z—a

z
X(2) = T—a |z > |al.

What happens for |z| < |a|? Although the algebraic expression z/(z — a) can be evaluated for any value of
z # a, this is most certainly not the z-transform, since we know that the infinite sum defining X (z) does
not converge for such values of z. Therefore, X (z) is defined only on its ROC and is not defined elsewhere.
Hence, when we mention the z-transform of a sequence, we need to not only provide an expression for X (z),
but to also define the values of z for which this expression holds, i.e. the ROC.

Linearity

We can also use some elementary calculus to extend some of the relationships developed thus far. First,
let us show that the z-transform is linear, that is if X;(z) is the z-transform for the sequence x;[n| and
Xo(2) is the z-transform for the signal xz5[n] , then the signal z3[n] = az;[n] + bas[n] is given by X3(z) =
aX2(z) + bX;(z). This superposition property can be shown directly from the definition of the z-transform,

X3(z) =

Example

o0

Z(aml[n] + bxa[n])z™"

n=0

Z azxy[n)z™" + Z bxo[n|z™"
n=0 n=0

a Z xi[n)z7" + b Z xa[n)z™"
n=0 n=0
aX1(z) +bXa(z).

Now, to determine the z-transform of a sequence of the form z[n] = na™, we can use linearity of the
transform to obtain the desired result. We know that for the sequence z[n] = a™ we have

e
_ z
X() =Y = el > fa
n=0

and that if we differentiate this expression with respect to z we have

d d (<, _, d z
—X(2) = dZ(Zaz >—dz<z_a),|z|>|a|

n=0

= —a
= - Zna”z_”_1 = o |z]| > |al.
n=0

From this expression, we can multiply by —z and obtain

d > az
—2z—X(2) = na"z" " = ——, |z| > |al.
ZX =% >
That is, we have the relation
oo
Zna",f” = (aizw |z| > |al.
n=0 - (l)
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5.2 Unilateral (one-sided) z-transform 105

In a similar manner, we can obtain the more general result

nzn| & —z (iX(z)) )

for X (z) the z-transform of z[n]. We can continue to differentiate to obtain the relation

022
3121 > lal,

(z —a)

%n(n —1)zn] &

and m-fold differentiation leads to the relation

1 m
—nn—1)---(n—m+1)ad" & ez

|

m maM > |al.

Example

We can use linearity of the z-transform to compute the z-transform of trigonometric functions, such as
z[n] = cos(wn), for n > 0. Note that rather than using z[n] = cos(wn)u[n], we instead use the notation
n > 0, since the unilateral z-transform for both sequences would be the same. From Euler’s relation, we
have

X(z) =

gk
aQ
s
©
S
N
3

3
I
<

(ejwn =+ e—jwn>z—n

I
M8
N —

n=0
1 = Jjw ,—1\n 1 = —jw ,—1\n
= 2 (o) (e
n=0 n=0
e b e =1
= - : = : z| > || =
21 —eiwz=l 21— e dwzy—1l’
1 =z + 1 z 2> 1
— — - — - V4
2z—elv  2z—eIw’
1 — e iw _ eJw
_ 1 z(z e ) N z(z e ) 1
2\ 22 —z(ed +e @) +1 22 —z(efv +eIv) +1
_ 2% — zcos(w) 2] > 1

22 — 2zcos(w) + 1’

We could have shortened the derivation by using our knowledge that cos(wn) is a sum of two complex
exponentials of the form a™ where a = e*/* and then use linearity together with our knowledge of the
z-transform for a”. Let us now use this approach to find the z-transform for x[n] = sin(wn). We have that

x[n} = 723 (eju)n - eijwn)
1, ..\n 1 O\ T
— Jw _ —Jw

to which we can apply transform pairs we already know. From the z-transform of a single complex exponen-
tial, we have

1 1
X(z) = oo o> 1
2]z —el¥  2jz—eI¥

_ iz(z —e W) — 2(2 — ej“’), FIS!
2§ 22 —2zcos(w)+1

zsin(w)
- |zl > 1
22 —2zcos(w) + 1 12
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106 z-transform

Example

From the definition of the z-transform, it should be clear that the unit sample function, i.e. the discrete-
time impulse, has a z-transform

o[n] < 1.
Similarly, directly from the definition of the z-transform, a discrete-time impulse at n = k, i.e. d[n — k| has
the z-transform
S[n — k] < 27k,

so long as k > 0. Note that if £ < 0, then the summation for the unilateral z-transform will never “see” the
only non-zero term, and hence the z-transform will be zero for §[n + k] for &k > 0.

Another sequence for which we can apply knowledge of an existing transform is the unit step, u[n]. Note
that for n > 0, the unit step is a complex exponential sequence of the form a™ for the specific case a = 1.
As a result, we know that the z-transform for u[n] is given by

z
N —— > 1.
uln) & ——, 2|

5.3 Properties of the unilateral z-transform

We will discuss a few properties of the unilateral z-transform. To facilitate this discussion, we will use the

following operator notation for the z-transform, Z(y[n]) £ Y (z). The first property has already been shown,

and is that of linearity.
5.3.1 Linearity

The unilateral z-transform is a linear operation, i.e. it satisfies superposition. This has been shown previously,
and we have that

Z(ayi[n] + bya[n]) = a¥1(z) + bYa(z).

This is readily shown from the definition of the z-transform, i.e.

aZyﬂn] + bez[n]
n=0 n=0
aY1(z) 4+ bYa(2).

o0

> (ayi[n] + bya[n])z "

n=0

5.3.2 Delay Property #1

The next property is the first delay property, that is, when a sequence is delayed by a positive amount. If a
sequence is delayed by k samples, then we have that

Z(yln — kluln — k]) = 27 FY (2).

In words, this property states that truncating a sequence at the origin, and then shifting to the right by a
positive integer k, is equivalent to multiplying the z-transform of the un-shifted sequence by z~*. This can
be proven from the defition of the z-transform. We have that

oo

Zlyln—Kuln—k) = S yln— Kuln — K="
n=0
= Z yln —klz7"
n==k
= i y[m]z= (k)
m=0
= 27%Y(2),

where the second line follows from u[n — k] being zero for n < k and the third line follows from making the
substitution m = n — k.
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5.3.3 Delay Property #2

For cases where y[—1],y[—2],...,y[—k] are known or defined (k > 0), we have the following property. Here,
the sequence y[n| is not truncated at the origin, prior to shifting.

k
Z(yln — k) = =75 [Y(2) + Y yl-m]z"

m=1

This can be shown from linearity and delay property #1. Specifically, we note that for n > 0, we have that

k
yln — k] =yln — Kuln — K]+ Y y[-m]oln — k +m]

by simply adding back into the sequence the “new” values that shift into the region n > 0 from the left.
We now can use linearity together with delay property #1 and the z-transform for a shifted discrete-time
impulse to obtain

k
Zyln—k) = 2V ()+ > yl-mla ™
m=1
k
— Lk Y(z)—|— Zy[_m]zm‘|

5.3.4 Advance Property

The following advance property can also be used in the solution of difference equations with initial conditions.
We have that

Z(yln + Klu[n]) =

This property is also readily shown by noting that

Z(yln + kuln]) = > yln+kz

8

= ZF Z yln + klz=(+k)
n=0
= Zk Z y
m=k
o] k—1
S ylm] ylm )

m=0 m=0

Il
/\/\
>~<
?r‘
td
?
3
~_

5.3.5 Convolution

One of the useful properties of the z-transform is that it maps convolution in the time domain into multipli-
cation in the z-transform domain. We will show this here for the unilateral z-tranform and sequences that
are only nonzero for n > 0 and revisit the more general case when we explore the two-sided z-transform.
Spefically, we assume that x[n] = h{n] = 0,n < 0 and consider the convolution

yln] = E:’l m].

m=—oo
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108 z-transform

Taking the z-transform of both sides, we have

Y = Yyl
n=0

where in the third line we used the delay property and that both sequences were zero for n < 0. When the
sequences x[n] and h[n] are not both zero for n < 0, then multiplication of one-sided z-transforms cam be
shown to be equivalent to convolution of the sequences z[n]u[n] and h[n]u[n], i.e.

> xn— klyln — Kh[ku[k] = > x[n — kJh[k] +— X (2)H(2),
0

oo n
k=—o k=

where X (z) and H(z) are the one-sided z-transforms of the sequences z[n| and h[n].

5.3.6 Inverse unilateral z-transform

One method that can be used to solve difference equations, is to take the z-transform of both sides of the
difference equation, and solve the resulting algebraic equation for Y (z), and then find the inverse transform
to obtain y[n]. A formula for the inverse unilateral z-transform can be written

yfn] = — 55 Y (2)2"1dz

which is an integral taken over a closed contour in a counter clockwise direction in the region of converge
of Y(z), as shown in Figure . Other inversion methods exist if Y'(z) is a rational function (i.e., a ratio of
polynomials), e.g.,

Y(Z)* bo+blz+...+b]y[ZM
Cagtaiz+...+anzNV’

Direct long division

A straightforward, but not entirely practical method, since it does not produce a closed-form expression
for y[n], is to employ long-division of the polynomials directly. This is a simple method for obtaining a power-
series expansion for Y'(z) from the rational expression, and then from the definition of the z-transform, the
terms of the sequence can be identified one at a time.

Example
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Im(z)

Re(z)

Figure 5.3: Contour integral for taking an inverse z-transform.

For the expression Y (z) = z/(z — a), we have that

z
Y =
(2) P
1+2+%
z—a)z
zZ—aQ
SN 0+a+0
zTa O—i—a—“;
040+

3

2
040+ 2 -2

Note that from the above series expansion, together with the definition of the unilateral z-transform, i.e.
Y(2) = y[0] + y[1]z~ ! + y[2]272 + - -+, we can immediately identify all of the terms of the sequence y[n)].
That is we have that

Y(z) = l+az'+a?2?4+a°27%+-
ylo] +y[l]e ™ +y[2le 2 + 8z 4

from which we may infer that y[n] = a™,n > 0.

5.3.7 z-transform properties

A short table of z-transform properties is given in Table (5.1) . These can be proven either directly from the
definition of the z-transform, or through application of other known properties.

5.3.8 Table of unilateral z-transform pairs

A short table of unilateral z-transforms is given in Table (5.2) below. These can also be derived directly from
the definition of the unilateral z-transform, or through application of the theorems listed in Table (5.1).
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Superposition
Advance
Modulation

Multiplication by n

Convolution

Convolution when z[n] = y[n] =0, n <0

Advance by k

Delay property #1

Delay property #2

t e

i3

aX1 (Z) + bXQ(Z)
2(X(z) — z[0])

Table 5.1: Table of unilateral z-transform properties.

1 =
o] = 4 b n=20
0, n#0
d[n — k] &
a” <
na” <
a™ sin(wn) &
a™ cos(wn) &

1, n=0
“[n]:{o n+0

1 &

X(z) = Z z[n]z™™  ROCx

n=0

1

z_k, k>0
0, k<0

z

Z—a
az

(z —a)?
az sin(w)

22 — 2az cos(w) + a?

1 — azcos(w)

22 — 2az cos(w) + a?

all z

z#1
2| > lal

2| > |al
2| > |al
2] > |al
|z| > 1

|z > 1

Table 5.2: Table of unilateral z-transform pairs.
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5.4 Inverse z-transform by partial fraction expansion

One method for finding the inverse of a unilateral (one-sided) z-transform is to recognize the transform of
interest as the transform of a signal whose z-transform you already know, or have access to via a lookup
table, such as that found at the end of the last chapter. For example, if you know that the transform of the
unit-sample (or discrete-time impulse) is X (z) = 1, then given a transform of the form 1 X5(2) =2+ 271,
you might use the linearity property of the z-transform together with the delay property to identify z[n] =
28[n] + §[n—1]. This method is sometimes referred to as the “table lookup method”. We can generalize
this idea to find the inverse transform of more elaborate functions by learning how to decompose complex
expressions into a linear combination of terms, each of which we might be able to identify their inverse by
inspection. This simply amounts to using linearity to break a complex transform into a sum of simpler terms,
and then using a lookup table to find the inverse of each of the terms independently. The overall inverse
transform would then be the sum of the inverses of each of the simpler terms, exploiting the linearity of the
transform.

The inverse transform method we will describe will work well in the case when X (2) is a rational function,
that is, when it can be expressed as a ratio of finite order polynomials in z . The method is based on the
notion that every rational function can be expanded in terms of partial fractions. If the rational function
X (z) is proper, that is, the degree of the numerator polynomial is less than the degree of the denominator
polynomial, and if the roots of the denominator polynomial are distinct, then we can factor X (z) in the form

b0+b12+bMZM bo+b12’+bMZM

X(z) = =
() ap+arz+---+anzN (z—r)(z—r2)---(z—ryn)’

where, here, X(z) is proper if M < N , and the roots of denominator polynomial are kacvzl . When the r
are distinct (or “simple”), then, we can write

N
X(z) =Y

)
z—Zz
=1 k

k
where the constants Ay are called the residues of X (z) . In this form, we can use a simple method to find
the residues when all of the roots are distinct. We see that they can be obtained by the formula

A = (2 = 1) X (2) |lz=rp.»

since the term (z—r;) makes each term in the sum become zero when evaluated at z = ry , except for the
one term in the sum that had(z—r;) in the denominator. This term is has A in the numerator, and hence
yields the formula above.

Once we have expanded X (z) in this form, we can then read off the inverse transform as

X _ Z Ak _ Y -1 Akz _ al n—1
(2) = E = g 2T —— & xn] = E Ay uln — 1],
k=1 k=1

zZ—Z zZ—=T
h—1 k k

once again using a combination of the linearity property of the unilateral z-transform and the delay property.
We can see how this works in practice by looking at an example.

Example
We can use this approach to find the inverse transform for the following unilateral z-transform:
z—1
Y(2)= —————.
G = C=oe 3

Now, we wish to find the sequence y[n], for n > 0. We have that

o z—1 o A1 A2
Y<Z)_(z—2)(z—3)_z—2+z—3’

so that when we multiply Y (2) by z — 2 we obtain

(z—2)Y(2) = A + %.
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Now, setting z = 2,we have
Z — 2Y(Z)|Z:2 = A17

since the second term on the right hand side becomes zero. We then find that

z—1 1
A = 2_3222:_—1:—1.
Similarly we find that
Ay = j:; Z_Szi:z
Putting these together yeilds that
-1 2
Y(e) = z72+zf3

4| = | =
— 2 — .

From the table of unilateral z-transform pairs, we have that

a" & ,
z—a

and applying Delay Property #1, we ahve that

1
Z—a

a"tun —1] & 2~

From the linearity of the z-transform, we can now invert each of the terms individually, and then put them
together to obtain
yln] = —(2)" tuln — 1] +2(3)" tuln — 1.

If we prefer, we can re-write this as

—3(2)"+ 23", n>1
yln] = -
0, n=0.

We do not evaluate y[n] for values of n < 0, since the unilateral z-transform does not tell us anything about
this region. In this example, we needed to apply both linearity and Delay Property #1. We can avoid the
need to apply the delay property to each term, by expanding 2~ 'Y (2) in a PFE as

Y A A A
YE) A A A

z z  z—2 z-3
Then we can obtain A A
Y :A 22 3z
(2) B

and each of the terms in this expansion can be inverted directly, without the need for the delay property.
Working out the details for this example, we have
Y(z) z—1
z  z2(z—-2)(z—3)
Ay Ag As
z + z—2 + z—3’

and that
M= Tyl mmen
As = z(zz_—12) s (3)2(1) - %
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Putting these together, yields

1 1 2
Y _ 5, 72 , 3
z z z—2 z-3
1 1 2
—=z —=z £z
Y(z) = 6% 4 "2% L 3

We can again invert each term, term by term, to obtain

1 n n
yln] = =50l — 5(2)"uln] + 5(3)"uln].
Here we have identified that the inverse transform of a constant is a discrete-time impulse. This can be
obtained either from the table of transforms, or by noting that if a z-transform is constant, say X (z) = C ,
then we have that
X(2) =z[0) + [z +2[2)z 2 + 23]z 2 + - -

and we see that the only way that X (z) can be a constant (i.e. the only power of z in the expression is 2°)

is for z[0] = C, i.e. we have that

X(z) = —% < zln] = —éé[n].

Putting all of the terms together yields,

yln] {‘5@)" +303)", n>1
1 1 2
53T
1 2
2(8)"+ 3

—_——
S
~—
[\
S~—
3
—~
w
S~—
3
S 3
\
o =

as we had before. In this example, the PFE for 2~'Y(2) was more complicated (involved one more term)
than the PFE for Y (z) . In many cases this extra complication does not arise. If the numerator of Y(z)
contains a power of z (say z or 22), then the z in the denominator of 2~1Y () is cancelled, in which case the
PFE for 27 1Y (z) has exactly the same form as the PFE of Y (z).

If the r; are not distinct, we will need to modify the partial fraction expansion slightly. Suppose r; is
a root that is repeated g times. We then must replace the single term corresponding to r;with a set of ¢
terms, one for each occurrence of the root, where the denominator is raised to each power, starting from the
first power up to the gth power, i.e. we replace

A . B
_ R Z 754
(z —71g) — (z —71k)
in the partial fraction expansion, where the new constants satisfy
1 di—*
B = — | ——(zZ—7T qY z
= G (e )
While it is important to know that this formula exists, in practice, the form of the expansion is more
important than the explicit formula for determination of the constants. For example, you can determine the
constants by simply matching terms in the expansion as shown in the next example.
Example
Determine the partial fraction expansion of the z-transform

Z=Tg

.z
(z —1)(z = 3)?
To accomplish this, we need only know the form of the expansion, and not dwell on the formula for the

constants of the repeated roots. First, we obtain

Y(Z) _ 1 Al AQ Ag

Y(z) =

. G- DE=3° G- G-y -3
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as the form of the partial fraction expansion. We can now obtain the first term directly, using the non-

repeated roots formula
1 1
Al = —— [
YT (=32, 4
to get started. Now, we find A3 before we find As. In general, if we find the coefficient over the highest
power denominator first, the resulting algebra will be simplified. By multiplying both sides of the PFE by

(2-3)? we obtain

(z—3)2%Y(2) 1  A(2—3)?
e T GoD T Gon T4
Setting z = 3, we have
1 1
As = 21|,y 2

There are a few ways to determine Ap. One is to first differentiate the expression (z — 3)2Y (2)/z with
respect to z, which yields

-1 241(z-3)(z — 1) — Ay (2 — 3)?

= A
(-1 =1 T
which upong setting z = 3, yields
1y
4
Another way to find Aswould be to simply fill in the known constants, yielding
1 1 A z
— = ARy 2
(z—1)(z — 3)2 (z=1) (2—=3) (2—23)2

Now, the numerators must match, so we must have

1 1
1= 1(z -3)%+ §(Z —1)+ As(z — 1)(2 — 3),
which can be easily solved for As. For example, both sides must have the same coefficient to the term

2% which, on the left hand side is zero, and on the right hand side is

1
=-+4+A
0 1 + Aa,
which yields that
1
A2 = _Z

as before. Substituting these values into the original PFE yields

R G %
YO =G0 "o T o

The first two terms are easy to invert from our table of known transforms. For the third term, we recall that

n o az
T
C T ey
Therefore we have that
| 1/1
= —M)"==3)"+=(=])nB)", n>0
il = 10" =305 () ner
1 1 1
= - —-3)"+=-n(3" n>0
11"+ 5n@)" n
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Let us consider another example.
Example
Given the unilateral z-transform of the seqeunce y[n] is given by

223+ 2% — 2+ 4
A CEr

find y[n]. Recall that for a “strictly proper” rational function, we require that the degree of the numerator
polynomial be strictly less than the degree of the denominator polynomial. This condition is necessary for
us to use the form of the partial fraction expansion we have considered thus far. We can use the PFE form
if we choose to expand Y'(z)/z in PFE, since this will be a strictly proper rational function. We begin with

Y(z)  2283+422—z+4
z z(z—2)3
A A A A
_ A A 34 4

z  (z2=2) (=22 (2-2)3

and immediately note that
223422 — 24+ 4 4 1
Al = — = — = ——,
(z—2)3 e 8 2
Now, we again find the coefficient of repeated-root term with highest power denominator first. Mutliplying
Y (2)/z by (2-2)3, we obtain

225 +22 —z+4  (2—2)°
z B 2z

+ AQ(Z - 2)2 + Ag(Z - 2) + Ay,

which when evaluated for z = 2, yields

16+4—-2+4+4

2 =

11 = A,
Now putting the PFE into a common demonimator and setting the numerators equal yields,
3., .2 1 3 2
22°+ 2z —z+4= —5(2—2) + Asz(z — 2)° 4+ Azz(z — 2) + 11z.

We can now match terms with corresponding powers of z to obtain

1
5
°S o _ A
2 25
and
1 5
22 = 562'2 + 5(—4)22 + A3z?
8 = Ag.
Putting all of the terms together, yields,
1 5z 82 112
Y(2)=—= + -2 .
S R Rl Rl P

Now we can invert each of the terms, one at a time, to yield,

y[n] = —lé[n] + 2(2)" +4n(2)" + %(n —Dn(2)"2%, n>0,
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where for the last term, we used the transform pair

1
-n(n—1)a" <

2 (2 —a)3’

We could combine all of the results to obtain

yln] = {2’ n=0

+ (11n% 4+ 21n 4+ 20) (2)", n>1.

5.5 Difference equations and the z-transform

Just as the Laplace transform was used to aid in the solution of linear differential equations, the z-transform
can be used to aid in the solution of linear difference equations. Recall that linear, constant coefficient
differential equations could be converted into algebraic equations by transforming the signals in the equation
using the Laplace transform. Derivatives could be mapped into functions of the Laplace transform variable s,
through the derivative law for Laplace transforms. Similarly, delayed versions of a sequence can be mapped
into algebraic functions of z, using one of the delay rules for z-transforms.

In the case of continuous-time linear systems described by differential equations, in order to find the
response of such a linear system to an particular input, the differential equations needed to be solved, using
either time-domain or Laplace transform methods. For an Nth-order differential equation, in general N
conditions on the output were needed in order to specify the output in response to a given input. Similarly,
for linear difference equations of Nth-order, N pieces of information are needed to find the output for a
given input. Unlike the continuous-time case, difference equations can often be simply iterated forward in
time if these N conditions are consecutive. That is, given y[—N + 1], ...y[—1], then re-writing

N M
Zaky[n — k] = Z brx[n — k|
k=0 k=0

in the form

apyl0] = — Zaky[n — k)= Z bra[n — K,
k=1 k=0

from which y[0] could be found. Iterating this process forward could find each value of the output without
ever explicitly obtaining a general expression for y[n].

In this chapter we will explore the z-transform for the explicit solution of linear constant coefficient
difference equations. The properties of the z-transform that we have developed can be used to map the
difference equations describing the relationship between the input and the output, into a simple set of linear
algebraic equations involving the z-transforms of the input and output sequences. By solving the resulting
algebraic equations for the z-transform of the output, we can then use the methods we’ve developed for
inverting the transform to obtain an explicit expression for the output. We begin with an example.

Example

We revisit this simple linear, homogeneous difference equation, now using the unilateral ztransform.
Again consider the difference equation

yln] —3yln—1] =0, n>0, y[-1]=2

Taking unilateral z-transform of both sides, and using the delay property, we obtain

Y(2) =327 Y (2) + 2y[-1]] = 0
Y(2)[1-32"1 = 6,
which can be solved for Y (z) directly, yielding
6z
Y =
(2) z—3’
yln] = 6(3)"uln]
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Another, slightly more involved example, repeats another example as well.

Example

Consider the following homogenous, linear constant coefficient difference equation, defined for nonnegative
n and with initial conditions shown

yln] + 4y[n-1] + 4yln — 2] = 0, n>0, y[-1]=y[-2]=1.

Taking the z-transform of both sides, again using the delay property and including the initial conditions, we
obtain

Y (2) + 427 [V (2) 4 zy[—1]] + 4272 [Y(z) + zy[-1] + 22y[72]] =0
Y(2) [1 +4271 4+ 4272] = —dy[-1] - 4zily[71] — 4y[-2]
—8 — 4271
Y(z) = 1442714422
_ —822 — 4z
22 442+ 4

This is not in strictly proper rational form, i.e. the degree of the numerator is not strictly less than that of
the denominator, however when we expand 2~ !Y(2), we have

Y(2) = —8—-4  —82-4
2z 2244z+4 (2+2)2
Ay Ay

+ .
(z+2) (2+2)?
Since we have repeated roots, we first seek the coefficient of the highest order root, A;. By cross multiplying,

we obtain
—8z — 4 = A]_(Z + 2) +A2

Setting z = —2 on both sides, we have that
16 —4 =12 = A,.
We can also immediately see from the cross multiplication that
A = -8,

by matching the terms on both sides that each multiply z. Putting these terms together, we have the full

partial fraction expansion for Y (z),
—82 12z

Y(z) = + .
(2) (z+2) (2+42)?
Using linearity to invert each term of the z-transform independently, we obtain

y[n] = —=8(=2)"uln] — 6n(—2)"uln].

We now consider a case where the difference equation contains an input, or drive term, such that we no
longer have a homogenous difference equation.

Example

Consider the following linear constant coefficient difference equation.

o2~ Syl +10+ gulal = (3) ulil o0 =1, yl1 = 0.

Taking the unilateral z-transform of both sides and using the advance property, we obtain

22 [V (2) — yl0] — 2 y[1]] — gz [Y'(2) — y[0]] + %Y(z) = 2 f T
3
2V (2) —4] — gz [Y(2) —4] + %Y(Z) = f 1
31 z
Y (2) [222”2} = Tyt
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We can now solve for Y(z) and keep the terms on the right hand side separated into two distinct groups,
namely,

1 z
Y(2) = 75— T T + 42% — 62
(22 - 32+3) 273 ——
N—— term due to initial conditions

term due to input

We can now write the z-transform as a sum of two terms, one due to the input, and one due to the initial
conditions. Recall from our analysis of linear constant coefficient difference equations that these correspond
to the zero-state response and the zero-input response of the system. Taking these two terms separately,
again through linearity of the transform, we have that

Y(2) = T.(2) + To(2)

where
z
T (Z) = )
' (22 =32+3) (e —3)
2 _
Ty(z) = 4z 6z

E )

Here, T1(z) is the z-transform of the zero-state repsonse, and T5(z) is the z-transform of the zero-input
response. We can then take a pratial fraction expanson of each of the terms independently. For the first
term, we find it convenient to express the partial fraction expansion as

Ti(z) 1 _ 4 Ay As
e DE-DE-D G- H ey Goby

This leads to

Ay = =12, A, =3, A3 =09,
—12z 3z 9z
Tl(Z) = 1 + + 1

(Z—i) (z—1) (Z—g)’

and the resulting zero state response is given by

1\" 1\"

For the zero-input response term, we have that

TQ(Z)_ 4z —6 _ Bl 32
: T e-DeE-n G-h

from which we can quickly solve for the constants, yielding

Bl = 87 B2 = _47
which gives the partial fraction expansion for the zero-input response as

8z B 4z
(z—1) (-1

The resulting zero-input response is then given by

T, =

1 n
ys[n] :8<2) —4, n>0.
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Putting the zero-state response and the zero-input response together, we obtain the total response

y[n] = yz[n] + ys[n] = —4 (;)n —1+49 (;)n n>0.

In general, this method of solution can be applied to linear constant coefficient difference equations of
arbitrary order. Note that while in this particular case, we applied the time advance property of the
unilateral z-transform, when solving difference equations of the form

y[n] + aryln — 1]+ -+ any[n — N| = z[n], n >0,

which initial conditions y[—k],k = 1,..., N, we can use the Delay Property #2.

5.5.1 General form of solution of linear constant coefficient difference equations
(LCCDE)s

In this section, we will derive the general form of a solution to a linear constant coefficient difference equation.
We will prove that the zero-state response (response to the input, when state is initially zero) is given by a
convolution. Consider the following difference equation

yin+ K]+ aryin+ K —1]+---+agy[n] = z[n], n >0

together with initial conditions y[k], k = 0,1,... K — 1. Taking the one-sided z-transform of both sides, and
using the Advance Property, we obtain

K-1 K—2
Y (2) = > ylmle ™| + a2 | Y(2) = Y ylmlzT™ | 4+ a2 [V (2) = y[0)] + ax Y (2) = X (2).
m=0 m=0
By defining o s
S(z) = 2K [Z ylmle™™ | + a2 ylmlaT | 4+ ako12y[0],
m=0 m=0

we have that
Y(2)[25 + a2+ dak] = X(2) + S(2),

where the characteristic polynomial is given by
Kpa K g
We now define the transfer function H(z) of the system described by the LCCDE as

1
K pa Kl pag

H(z)

We then obtain that

Y(z) = H(2) {(ﬁl + S\(’Z_Z

term do to the input  term due to initial conditions
Notice that the decomposition property holds with

ysln] = Z71{H(2)S(2)}

yo[n] = Z7{H(2)X(2)}.
Both homogeneity and superposition hold with respect to ys[n] and y,[n] because the z-tranform is linear.
Linear constant coefficient difference equations (LCCDE)s describe linear systems, which have already ex-

plored the time-domain (sequence-domain). It is worthwhile to consider the form of the solution that y,[n]
will take.
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Consider first the case when the roots of the characteristic polynomial are distinct. In this case, we have

S(2)H(z) By By By

z _(z—r1)+(z—7"2)+.”+m.

From the definition of S(z), z is a factor in S(z), so there is no need for a z~! Byterm in the partial fraction
expansion. Multiplying by z, we have
Blz BQZ BKz

S(z)H(z) = o) + (Z_T2)+---+m7

from which we can easily recover the sequence

K

ys[n] = ZBi(Ti)nv n >0,
i—1

which is in the same form as the homogeneous solution that would be obtained from a time-domain solution
of the LCCDE.
We can now observe the form of y,[n]. Since we have that

yoln] = 271 {H(2)X ()},

the partial fraction expansion shows that y,[n] will involve terms in both y[n] and z[n]. We can also rewrite
Yz [n] using the convolution property:

Yo [n] = Z h[m]x[n — m],

m=0

where

hlm] = Z‘l{mz)}:z—l{zf@}

Dy D D
Z—l{z(0+ e o )}
z zZ—1r Z—TK

{Do + Zf{:l Di(’l"i)n, n =

ZiKzl Di(T‘i)n, TLZ 1

So, we see that y,[n] is given by a convolution of the input with h[n] = Z='{H(2)}. Note that the sequence
h[n],n > 0, can be interpreted as the system unit pulse response (u.p.r), or impulse response, assuming zero
initial conditions.

Definition

The unit-pulse seqeunce, or the discrete-time impulse, is given by

1, n=0
8ln] =
0, n#0.
The system response to a unit pulse, or discrete-time impulse, is given by

y[n] = Yo [n”assuming zero initial conditions — Z h[m}é[n - m] = h[n]
m=0

We can explore the use of the impulse response to derive the response to more general signals through
another example.

Example

Consider the following linear system with input z[n] and output y[n] as shown in Figure 5.4 .
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[n] — — y[n]

LST System

Figure 5.4: A linear shift-invariant system.

Suppose that when the input z[n] = §[n] with zero initial conditions, then the output satisfies y[n] = a”
for n > 0. Again, assuming zero initial conditions (i.e. that the system is initially at rest), determine y[n]
due to the input z[n] = b",n > 0.

Solution

Given h[n] = a™,n > 0, we know that the output satisfies y[n] = y.[n], since the initial conditions are all
zero, i.e. the system is initially at rest. We know from the convolution property that

yln] = i a™pt T =" i (%)m
m=0

m=0
bn+11— a n+1
- 1(—17)g  aFb
b
bn+1_ n+1
= a , a#b.
b—a

Comments

This discussion and these examples lead us to a number of conclusions about the solutions to linear
constant coefficient difference equations. First, we can show (and we will see in the next sections) that the
solution to a linear constant coefficient difference equation will have a essentially the same form when the
input is merely shifted in time. Also, we will see that a similar form is maintained for inputs that are linear
combinations of shifted versions of the input. For example, the response to an input of the form z[n] will
be similar in form to the response to the input x[n] — 2z[n — 1]. We will also see that the solution methods
developed here, as well as the unilateral z-transform, can be modified to accommodate situations when the
input is applied earlier or later than for n = 0. While we discussed situations here that included both
the zero-input response and the zero-state response, in practice we are generally interested in the zero-state
response, or equivalently, we are interested in the response to an input when the system of interest is initially
at rest. The reason for this is that we either have a system where the initial conditions are all zero, or for
a stable system, such that the roots of the characteristic polynomial are all of modulus less than unity,
|ri| < 1, and that after some time, ys[n] has sufficiently decayed, such that for time scales of interest for
a given application, y[n] ~ y,[n]. As a result, from this point forward, we will assume that systems under
discussion are initially at rest, and that all initial conditions are set to zero. As a result, the output of a linear
system will be taken as the zero-state response, and we will be interested in the convolution relationship
between the input and the output.

5.6 Two-sided z-transform

When the input to a discrete-time LSI system is of the form z" for all n, i.e. the two-sided sequence that
has non-zero terms for arbitrarily large positive and negative n, the output of the system is simply a scaled
version of the input. This is the eigenfunction property of LSI systems in discrete-time. The eigenfunction
property of continuous-time systems tells us that when the input to a continuous-time LTI system is of the
form e*¢ for all ¢, then the output will be a scaled version of the input. This is easily shown as a consequence
of the convolution integral for LTI systems

oo

o(t) = [ h(ryate -~ yar

— 00
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where h(7) is the impulse repsonse of the continuous-time LTT system. Letting the input take the form of a
complex exponential, we have

oo

y(t) = / h(r)e*="dr

o0

= eSt/h(T)e_STdT

o0

= e"H(s),

where H(s) is the Laplace transform of the impulse response, when the integral exists. We call the signals
of the form e®® eigenfunctions of continuous-time LTI systems, since they satisfy the property that, when
taken as input to an LTI system, they produce an output that is identical except for a (possibly complex)
scale factor. The scale factor H(s) is called the eigenvalue associated with the eigenfunction. Note that
eigenvalue for a given s is the same as the Laplace transform of the impulse response, evaluated at that value
of s. The only signals that have this property, i.e. the only eigenfunctions for LTI systems, are signals of the
form e, for different possible values of the complex parameter s. Note that sinusoids are not eigenfunctions
for LTT systems! That means that if a sinusoid is input to an LTT system, the output will not be a simple
scaled version of the input. However, since a sinusoid can be simply constructed as a sum of two such
eigenfunctions, we can easily see what the output will be:

1/ . .
_ / M) (9077 470

— 00

= 7 h(T)% (ej‘”(t_T)) dr + 7 h(T)% (e_j“(t_T)> dr

— % (“"H(jw) + e 7' H(—jw)) .

Now, if the impulse response is a purely real-valued function, then its Fourier transform will have complex
conjugate symmetry, such that

y(t) = 1(ej‘"tH(jo.))—|—efj“”fH"‘(jo.)))

N

= 3 (ejwt|H(jw)|ejéH(jW) + e_th|H(jw)\e_j4H(j“)>

— Lmgw) (ejwtejzmaw) n e—jwte—jLH(jw)>
2
= |H(jw)|cos (wt + ZH (jw)).

While the output is not simply a scaled version of the input, when we decompose the sinusoid into a sum
of two eigenfunctions, we can use linearity of the LTI system to construct the output as a sum of the two
eigenfunction outputs.

Returning to discrete-time LSI systems, when the input to an LSI system is of the form z" for all n, the
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convolution sum yields that

i hm]z("=™)

m=—00

= " Z him]z=™

m=—0o0

= 2"H(z),

=
=,
Il

when the sum converges. Once again, we call signals of the form 2" eigenfunctions of discrete time LSI
systems, and the associated eigenvalues, H(z), correspond to the two-sided z-transform of the impulse
response, evaluated at the particular value of z.

We define the two-sided z-transform of a sequence y[n] as follows

n=—oo

for values of z for which the sum converges. We call the values of z for which the sum converges the region
of convergence of Y (z), or simply the ROCy. Note that as with the unilateral z-transform, the two-sided
(or bilateral) z-transform is again a complex function of a complex variable, meaning that it can take on
complex values and that its argument is itself a complex variable.

For the two-sided transform, we can consider again a few example sequences for which the sequence values
are non-zero for both positive and negative index values.

Example

Consider the following sequence,

a”, n>0

yln] = a™uln] + b u[-n — 1] = {b” h 0.

Now, using the definition of the z-transform, we have for this sequence,

Y(z) = Z (a™uln] + b"u[-n—1]) 27"
= Z (a"ul[n]) 27" Z @O u[-n—1]) 27"

00 —1

n=0

1 n
z b
= okl 2 ()

n—=—oo

o0
z zZ\™m
= > —
z—a7|Z| |a|+Z(b)
m=1

2 z
—r |2 > |a] + Pyt 2| <[],

where we must combine the two conditions on |z|, to ensure convergence of both of the summations in
the expression. Otherwise, one of the terms in the expression will be invalid, and the resulting algebraic
expression will not be meaningful. Hence, we have
z z
Y(z) = +—
() z—a b—2z’

la] < 2] <[b].
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Im(z)

Re(z)

Figure 5.5: Region of convergence of the two-sided z-transform for a two-sided sequence.

Note that the region of convergence, ROCy, in this case is a ring, or annulus, in the complex plane as shown
in Figure 5.5.
In this example,
R_=lal, Ry =b.

If |a] > |b] then ROCYy would be the empty set and z-transform would be undefined (i.e. is infinite) for
all z. The reason that the region of convergence turns out to be a ring in the complex plane comes from
properties of the summations that were assumed to converge in deriving the algebraic expression for the
resulting z-transform. Specifically, looking at the definition of the z-transform, we obtain

v(z) = S ol - Syl
n=—oo n=0

converges for zsmall enough, i.e. |z| < Ry  converges for zlarge enough, i.e. |z| > R_.

Note that R_is determined by y[n],n > 0 and R,is determined by y[n],n < 0. If y[n] = 0 for n < 0, then
we have

and R} = oo, which is essentially a one-sided (unilateral) z-transform. As a result, the region of convergence
corresponds to |z| > R_, as in Figure 5.6. If y[n] = 0 for n > 0, then we have that

0
Y(z) = 3yl
and R_ = 0, which implies that the region of convergence corresponds to a solid disk in the complex plain,

i.e. we have |z| < Rias in Figure 5.7. Note that in contrast to the one-sided z-transform, the two-sided
z-transform can accommodate a wider range of signal behaviors, since they can be left-sided, right-sided,
or two-sided and still have a bilateral z-transform. As such, we must state the ROC for Y (z) to uniquely
identify y[n].

A right sided sequence is one that is zero for all n before some time index, i.e. y[n] = 0,n < ng, for some
ng. A left-sided sequence is one that is zero for all n after some index, i.e. y[n] = 0,n > ng, for some ng, and
a two-sided sequence is one that is neither left-sided nor right sided, i.e. it has non-zero terms for arbitrarily
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ROCy
Im(_z)

Re(2)

Figure 5.6: Region of convergence for a right sided sequence.

Figure 5.7: Region of convergence for a left-sided sequence.
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large positive and negative indices. Examples of a right-sided sequence, include the unit step sequence, u[n],
and the complex exponential sequence a™u[n]. An example left-sided sequence could be u[—n] or a™u[—n—1].
A two-sided sequence is one such as a~!", where, for la] < 1 is a decaying geometric seqeunce for positive
and negative n. Since the two-sided z-transform multiplies the sequence y[n] by 2™ and then sums the
resulting modulated sequence for each value of z, in Y(z), then whether a sequence is left-sided, rightsided
or two-sided play an important role in the convergence (and the ROC) of the z-transform. Specifically, a
right-sided sequence will have an infinite number of terms for large positive n, and, hence, the z-transform can
converge when the magnitude of z is sufficiently large that z™ dominates, making the sequence convergent.
Therefore, right-sided sequences will have a ROC that is the entire z-plane outside of a circle of some radius
(with the possible exception of infinity). Similarly, a left-sided sequence can converge when the magnitude of
z is sufficiently small, such that 2™, for large negative n decays sufficiently rapidly to dominate, making the
series convergent. Therefore, a left-sided sequence will have a ROC for a disc-shaped region in the complex
plane (with the possible exception of zero). A two-sided sequence, having both left-sided and right-sided
elements must balance the effects such that the ROC will result in an annulus (ring) in the complex plane.

Example

Consider the following two sequences,

For z[n], we have

Similarly, we have already seen that
Y(2) = ——,|z| > |af
z—a’ '

So, we see that the algebraic form of X (z) and Y (z) are identical, but they are not the same functions, since
they are defined on completely different regions of the complex plane. The z-transform of a sequence is not
simply defined by the algebraic expression alone, but rather, the combination of the algebraic expression to-
gether with the region of convergence. In order to uniquely specify a sequence from its z-transform, we must
include both the algebraic form as well as the region of the complex plane over which the form is valid. This

leads to the following set of relations,

a"uln] = ——. |2 > |a|
zZ—a

z
—(a")u[-n—-1] = ——, 2| <
(@ul-n -1 [zl < a]

uniquely defined sequence <= z-transform and region of converge
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Im(z)

="

\/ Re(z)

Figure 5.8: Region of convergence of the two-sided z-transform of wu[n].

Poles and Zeros

When sequences correspond to z-transforms that are rational functions (ratios of finite-order polynomials
in z), we can explore some of the properties of the sequences and their z-transforms by examining the roots of
the numerator and denominator polynomials. These are referred to as the zeros and the poles, respectively,
of a rational z-transform. Specifically, for a z-transform given by

X(Z) = iéi;,Z € ROCYx,

we refer to the values of z such that B(z) = 0, as the zeros of X (z), and the values of z for which A(z) =0,
as the poles of X (z). That is,

Zeros:

[
—~— -
N N
=~ W
—
N W
~— ~—
1|
o O

poles:

for rational X (z). Rational z-transforms always have ROCs that are bounded by poles. This means that the
ROC is either a disc, an annulus, or the entire plane minus a disc, with the possible exclusion of zero and
infinity.
Example
Consider the rational transform
Y(2)= —7lel > 1,

which has a pole at z = 1. This corresponds to the seqeunce z[n] = u[n]. The region of convergence for the
z-transform is given by |z| > 1 as shown in Figure 5.8.

Example

Consider the sequence with rational transform

Y(e)= 5, ld<2

-
which has a pole at z = 2. This corresponds to the seqeunce y[n] = —(2")u[—n—1]. The region of convergence
is now the disk shown in Figure 5.9 .

Example
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Im(z)

Re(z)

[ ]

Figure 5.9: Region of convergence of the sequence —(2™)u[—n — 1].

Now consider the sequence with rational transform

Y(z)= o2 2] <2,

which has a second-order pole at z = 2. For muiltiple poles and a left-sided seqeunce, we use the same
methods we did for the right-sided case. We can easily show that

na"ul—n — 1] <= LZQ, |z| < |al.
(2 —a)
Thus, we have that
yin] = —%n(Q")u[—n _
Example

Now consider the sequence with rational transform given by

z z
z—1 z-2

1< z]] < 2,

which has poles at z = 1 and z = 2. The region of convergence is therefore an annulus in the complex plane,
and the sequence will turn out to be two sided,

] 1, n>0
n =
Y —(2"), n<0
= u[n] — (2")u[-n —1].
The region of convergence is depicted in Figure 5.10.

Example
Consider the seqeunce given by

x[n] = (;)n, —00 < n < 00.
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Re(z)

Figure 5.10: Region of convergence for the sequence y[n] = u[n] — (2")u[—n — 1].

For such a two-sided sequence, does the two-sided z-transform, X (z) exist? Let us examine the z-transform
of the seqeunce from the definition, from which we have

X(z) = nio (;)zn

From here, we can see that the first sum will converge for |z| < %, but the second sum will only converge
for |2| > £. As such, there is no value of z for which both sums will converge. Thus, X (z) does not exist for
any z. The z-tranform of this sequence cannot be defined, since the sums do not converge.

Example

Now let us consider a slightly different variation on the two-sided above, let

1

x[n] = (3>In|, —00 < n < 0.

For this sequence, we might have some hope of finding a range of values of z for which the z-transform will
converge, since the sequence remains bounded for all n. In this case we write

1 n
zn] = (3) u[n] + 3"u[—-n — 1].
We can transform the right-sided and left-sided pieces individually, and add the results, by linearity of the
transform, taking into account the regions in the complex plane for which the series will converge. Since each

series has a different region of convergence, we need to consider, for the total sequence, only that portion of
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the complex plane that is common to both the ROC for the right-sided part and the left-sided part. That
is, we need to know for which values of the complex plain will the total z-transform converge. This leads us
to the following transform for the sequence:

z z

1
X(2) = - Z<lzl<3.
(=) -1 2-3 3 12

This transform brings to bear an important property of the region of convergence for a two-sided z-transform,
i.e. the two-sided transform of a two-sided sequence. If the algebraic form for a z-transform is A(z), e.g.
X (z) = A(z),z € ROCx, where

N(z)
(z=p1)(z=p2) - (2 —pn)’

A(z) =

then ROCx is generally smaller than the set of z where A(z) alone is well defined. Indeed, A(z) is well
defined at all z except the pole locations z = p;, 1 < i < N, whereas ROC'x must be a ring in the complex
plane. It is important to remember that the z-transform of a sequence is not defined solely by an algebraic
expression, but rather by the combination of an algebraic expression and the region of the complex plane
over which the expression is correct. Outside of this region, the algebraic expression is not the z-transform
of the sequence of interest. Some points to remember are that

1. Poles cannot lie in ROCx (because even A(z) is undefined at the pole locations).
2. ROCYx is generally smaller than the set of z where A(z) is defined.
3. The z-transform, X (z), is given by the pair of A(z) and ROCYx.

Another example that will illustrate this point follows.

Example
Let the sequence z[n] be defined as z[n] = (%)nu[n] The z-transform of the seqeunce can readily be
found to be
X() = 1 B> 5
z— % ’ 2

The algebraic form for X (z) is defined everywhere except at z = %, and yet, the z-transform is not defined
for |z| < % For example, consider when z = i, for which we can evaluate the algebraic expression to be

z —

However, this does not imply that X () = —1. Indeed, at z = , X(2) is not defined, since this is not in the
region of convergence of the z-transform, i.e.,

() £ () e

n=—oo

oo
= Z 2",
n=0

1
4

which clearly fails to converge.

5.7 Properties of the two-sided z-transform

5.7.1 Linearity

When two sequences x[n] and y[n] have a two-sided z-transforms, X(z) and Y(z), respectively, then the
superposition of these sequences will also have a two-sided z-transform, so long as X (z) and Y (z) are jointly
defined on a non-null subset of the z-plane. Specifically, we have

wln] = az[n] + by[n] <= W(z) = aX(z) + bY (z), ROCy 2 ROCx N ROCly,
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Figure 5.11: Region of convergence for the sum of two seqeunces.

that is, the region of convergence is at least as large as the intersection ROCx N ROCly .

Example
Let us consider w[n| = z[n] + y[n] with
z

X(z) = G+2)(z13) 2| < 2,

2
Y(z) = —— 2
(0 = — k<2

from which we have that

=

—

&
I

X(2)+Y(2)
2+ 2(z +3)
(z42)(z +3)
3(z+2)
(z42)(z+3)
3
z2+3

Now, the region of convergence of this expression must be determined. We know two things,

1. The ROC is bounded by poles
2. The ROC contains ROCx N ROC,,.

For this example, there is a pole at z = —3. We also have that ROCx N ROCy = {z:
Figure 5.11 .

|z| < 2}as shown in

We now can see that the proper region of convergence must be ROCy = {z : |z| < 3}. So, the ROC can
be larger than the intersection if we have pole-zero cancellation on the boundary of intersection, in which

case, the ROC expands outward or inward to be bounded by another pole.

5.7.2 Shifting property

For the two-sided z-transform, the shifting properties are much simpler than their counterparts in the unilat-
eral z-transform, since we do not need to worry about terms shifting in-to or out-of the summation defining

the z-transform. We simply have

z[n] +— X (2) <= x[n — k] +— 27" X(2)
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and the region of convergence of the shifted sequence remains unchanged, except for the possible addition
or deletion of z =0 or |z| = co.

Example

Consder the seqeunce z[n] = 6[n — 2] for which we have Y (z) = 272, |z| > 0. now, if we let y[n] =
x[n + 3] = 6[n + 1], then we have Y (z) = z, |2] < cc. In this case, we see that z = 0 was added to the region
of convergence and |z| = co was removed from the region of convergence. The proof of the shifting property
follows that for the unilateral z-transform, only simpler. We have

= 7% Z x[m]z~™

m=—0oQ

27k X (2),

where in the fourth line, the change of variable m = n — k was made.

5.7.3 Convolution

The convolution property for the two-sided z-transform follows similary from the unilateral case, for which
we have

yln] = i h[m]xz[n —m] <= Y (z) = H(2)X(z), ROCy 2 ROCx N ROCy,

m=—0o0

so long as there exists a non-null intersection ROCx N ROCy. Just as with linearity, if there is pole-zero
cancellation on a boundary of the intersection, then ROCy expands to the next pole.

Example

Consider the seqeunces z[n] and h[n] for which we have z-transforms X (z) and H(z) and define Y (2) as
follows

where
H(z) L 1<zl <2
z = 3 z 9
(z+1)(z+2)
z+1
X = 2
() = T4 k<

Note that ROCy N ROCx = {z:1 < |z| < 2}, however we have that ROCy = {z : |z| < 2}.

The convolution formula can be readily shown by taking the z-transform of both sides of the convolution
sum. Since each of the steps in this derivation is reversible, this shows the if and only if nature of the
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convolution property. Specifically, we have

] = mioh[m]x[n—m]

V() = n_f:oo (m_fjoo h[mleln — m]) 2
— m_iooh[m] (nioox[n - m]zn>
_ < i h[m]z_m> X(2)
_ HOxe)

5.8 The system function and poles and zeros of an LSI system

The transfer function of an LSI system with input x[n] and output y[n] is defined for two-sided z-transforms
using
Y(2)

HE=%0)

zero initial conditions.

Indeed, we have seen that H(z) is independent of X (z), and therefore independent of z[n]. For an LSI system,
we can find H(z) by a number of means. For example, we can

1. Directly compute the z-transform of h[n] using the two-sided z-transform.

2. Compute the quantity H(z) = Y (z)/X(z), for a given pair of input and output sequences z[n] and
yln].
3. Determine H(z) directly from a block diagram description of the LSI system.

To further examine the last option, we will consider in more detail the methods used for analysis of LSI
systems using a block diagram comprising delay, adder, and gain elements in Section 5.10.

5.9 Inverse two-sided z-transform

When taking an inverse two-sided z-transform, we can, once again, consider the complex contour-integral
that defines its direct inversion, or, more simply, use methods such as partial fraction expansion to reduce
a rational z-transform into a superposition of simpler terms, each of which can be inverted one at a time.
Unlinke the unilateral z-transform, for each term in the partial fraction expansion, we now must consider the
region of convergence of the overall transform and select the appropriate inverse transform sequence whose
ROC would intersect with that of the overall transform to be inverted. To capture this notion graphically,
consider Figure 5.12.

The poles that lie outside the ROC, i.e. those poles located such that |p;| > R, correspond to terms in
the partial fraction expation for which a left-sided inverse must be selected. The poles that lie inside the
ROC, that is those poles located such that |pg| < R_correspond to terms in the partial fraction expation for
which a right-sided inverse must be selected. These facts can be readily deduced as follows. The poles that
lie inside the inner ring, i.e. those for which |p;| < R_must have a term in the partial fraction expansion
for which the ROC for each pole intersects that of the overall z-transform. Since the poles are insize the
ROC, the only possibility (out of the two choices, |z| < |p;| and |z| > |p;|) that could possibly overlap with
that of the overall ROC, R_ < |z| < Ryis |z| > |pi|, which imples that each of these poles, labeled pF7S
correspond to right-sided inverse transforms, of the form pPu[n], assuming that the poles are not repeated
roots. Similarly, the poles that lie outside the outer ring, i.e. those for which |py| > Rimust have a term
in the partial fraction expansion for which the ROC for each pole intersects that of the overall z-transform.
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Figure 5.12: A graphical representation of the ROC for a two-sided rational z-transform that includes the
locations of the poles.

Since the poles are outside the ROC, the only possibility (out of the two choices, |z| < |px| and |z| > |pk|)
that could possibly overlap with that of the overall ROC, R_ < |z| < Ryis |z| < |pg|, which imples that
each of these poles, labeled pZ# % correspond to right-sided inverse transforms, of the form — (p@') u[—n — 1],
assuming again that the poles are not repeated roots.

Example

Let us consider a two-sided z-transform to invert as an example. Let Y (z) be given such that the algebraic

form is as follows
z

YO ey

From this information alone, we are unable to compute y[n], since there are three different regions of conver-
gence that could be possible for this algebraic expression, and each would lead to a distinct, and different,
y[n]. The three possibilities are ROCy = {z: |z| < 1}, ROCy = {z:1 < |z| < 2}, and ROC5 = {z : |z| > 2},
depicted in Figure 5.13.

These three possible ROCs lead to three different sequences, since we know that ROC; yields a left-sided
sequence, y1[n], ROCy yields a two-sided sequence, yo[n], and ROCj5 yields a right sided sequence, ys[n].
From the partial fraction expansion, we have

Y(2) B A n B
z I )
—z z
Y(z) = z—1+z—2'

yiln] = ul-n—1]- 2" u[-n—-1],
y2[n] = —u[n] - (2")u[-n—1],
ysln] = —u[n]+(2") u[n]

Example
Let us consider another example, this time with the ROC given. Let

(2 —=2)(z = 3)(z —4)’

Y(z) = 2 < |z <3.
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z-plane

(b) (c)

Figure 5.13: Three possible regions of convergence for the algebraic expression for Y (z). Shown in (a) is
ROC corresponding to y1[n], in (b) is ROCs for y2[n] and in (c) is ROCs for ys[n].

From the partial fraction expansion, we have

1 1
B §Z _ z §Z
Y(e) = z—2 z—3+z—4’
——

—— ——
right sided  left sided left sided

which yields,

yln] = %(2")u[n] +3"u[-n —1] — % (4™ u[—n — 1.

Example
For another example, we consider a sequence with complex poles, i.e.

X(2)

1
-
(z+5)(z=4)

for which we have

N S N
z(z 4+ j)(z — J) z  (z+])  (2—J)
1

This yields,
1z 1z
z2+j z—]
—_———

left sided
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x[n] — zk |F— x[n-K] X(2) — z* |— z2*X(2

X[n] —1 b b x[n] X2 —1 b b X(2)

x(n] X[n]+w(n] X(2) X(2)+W2)

w[n] W(2)

Figure 5.14: Basic elements of a delay-adder-gain flowgraph. To the left, the delay, gain, and adder elements
are shown with their corresponding time-domain representation. To the right, the delay, gain and adder
blocks are indicated with their corresponding z-transform representation.

from which we can onbain

o] = T + 5 () ulon — 1]+ 5 () uln 1]
— o]+ % (e—jwz)n n ej(w/z)n) u[—n —1]

= d[n] + cos (gn) u[—n — 1]

= cos (gn) u[—n].

5.10 System Block Diagrams

To explore some of the methods for analyzing LSI system properties together with their implementation in
hardware, we often use a delay-adder-gain model or flowgraph model for discrete-time LSI structures. In
Figure

Shown in Figure 5.15 is a common delay-adder-gain block diagram for a second-order LSI system. In
the figure, the notation for a delay element is that of a box labeled with z~linside. This is to denote that
the operation of a delay element in the z-transform domain (through the delay property of z-transforms)
is to multiply the input by z~!. For example, the first delay element in the flowgraph, to the left, takes
as input z[n], which we depict in the z-transform domain as X (z). The output of the delay element is the
signal z[n — 1], i.e. the signal z[n] delayed by one time unit. In the z-transform domain we write x[n — 1] as
271X (2).

The transfer function of the LSI system shown in Figure 5.15 can be shown to be

Y(Z) . bo + b1Z71 + b2272
X(z) 1—az7! —agz~2’

H(z) =

This can be shown as follows. First, we note that the flowgraph structure has only one adder node. If we
write an equation for the output of the adder node as a function of its inputs, and do so using z-transform
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X[n] > T\
0

<a
AN

Figure 5.15: A direct-form I structure is a common delay-adder-gain model. Shown is a second-order DFI

structure.

xn] —P 7
Z-l
ay T
Z-l
|
ay b,

Figure 5.16: A delay-adder-gain model for a second order direct form IT structure.

domain representation, using linearity and the delay property, we obtain

Y(2) = boX(2) +b127  X(2) + b2z 2X(2) + a127 'Y (2) + agz %Y (2).
Y(2) [1 —az 7t = agz_ﬂ = X(2) [bo +bz7 bgz_ﬂ
—1 -2
H(Z) _ Y(Z) _ bo +b1z27" + byz -
X(2) 1—ajz=! —agz2

A second structure, called a direct form II structure is shown in Figure 5.16.
This structure can also be shown to have the same transfer function given by

. by + blz_l + b22_2
o 1— U,lZ*l — a22*2

H(z)

through a method similar to that employed for the direct form I structure. Here we introduce a three-step
method that is systematic and guaranteed to determine H(z) for any cycle-free delay adder gain flowgraph.
A cycle-free delay adder gain flowgraph is one in which all closed cycles contain at least one delay element.

The three steps are as follows.
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Figure 5.17: Flowgraph of a causal LSI system.

1. Label the output of each adder node in the flowgraph with a unique z-transform domain label.

2. Write an equation setting the output of each adder node in the flowgraph to the sum of the inputs to
the adder node.

3. Use the resulting equations to remove all labels except for X(z) and Y (z), to obtain a single input-
output relation from which H(z) can be obtained by setting H(z) =Y (2)/X (2).

The three steps are illustrated here for the direct for II structure. First, we note that there are two adder
nodes in the flowgraph. The adder node to the left does not have a label, so we introduce a new sequence
g[n] as its output and label this Q(z) in the z-transform domain. For this node, we obtain

Q(z) = X (2) + a127'Q(2) + a2~ *Q(2).

The output of the adder node to the right has already been labeled y[n], so that in the z-transform domain

we obtain
Y(2) = boQ(2) + b1z ' Q(2) + baz?Q(2).

Finally, from these two equations, we can eliminate Q(z) as follows
Q(2) [1 o a2272] = X(z2)

Q) = X(z)

1—ayz71 —agz—2

which can then be substituted into the expression for Y (z) to yield

Y Z) = [bo + b12_1 + bQZ_Q} Q(Z)
_ - X(2)
Y = [bg+bz7t +byz?
(2) [ o+ 012 " 4 bz } 1—a1271 —agz2
Y(Z) . bo + blzfl —+ b2272
X(z)  1l—ayz7! —agz?’

as before. To futher illustrate this method, we consider another example.

Example

Consider the LSI system shown in Figure 5.17 .

The first step in our three step method is to label the outputs of each of the adder nodes. The first adder
node to the left has ¢[n| as its output and the second adder node has y[n| as its output. For the first adder

node, we have
Q(z) = X(2) + az7'Q(2) + ez~ 1Y (2)

and for the second adder node, we have
Y(2) = Q(2) + b27'Y (2).

Solving for Q(z), we have

Q(z)=Y(2) (1 — bzil) .
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Plugging this into the other expression, we have

Y(z)(1-bz") (1—az™!) = X(2)+cz 'Y(2)
Y(z)(1-(a+b—c)z" ' +abz?) = X(z)
B Y(2) B 1
H(z) = X(z)  1—(a+b—c)z7t +abz~2’

Note that the impulse response h[n] and the system transfer function H(z) are input-output descriptions of
discrete-time LSI systems. These are also called “digital filters.” Given an input z[n] we can use either the
impulse response to determine the output y[n] through the convolution sum or we can use the system transfer
function to compute the output through the z-transform. In this sense, both h[n] and H(z) summarize the
behavior of the LSI system. However neither tells use what the internal structure of the digital filter
is. Indeed, for any given system transfer function H(z), there are an unlimited number of possible filter
structures that have this same transfer function. For a second-order transfer function of the form

. bo + b12’_1 + b22_2

H =
(2) 1—a1z71 —agz2

just two of the possible realizations are the direct form I and direct form II structures we have just visited.
At this point, you may wonder how the filter structure or delay-adder-gain flowgraph relates to the actual
filter implementaiton. The answer to this is multifacted. For example, let us consider the direct form I
structure of Figure 5.15.

If the direct form I structure is implemeted in a digital signal processing microprocessor, then we note
that there is a system clock that guides the operation of the filter. While the clock is not shown in the
flowgraph, we know that the operation of the system depends on shifting values of the input into the system
and computing values of the output that are then shifted out. It may take several clock cycles (microprocessor
instructions) to compute each single value of the output sequence y[n|. For example, if the DSP has a single
multiplier /accumulator (MAC), then the clock might trigger the following sequence of instructions

1. multiply z[n] by by
2. multiply z[n — 1] by by and add the result to 1)

3. multiply z[n — 2] by bsand add the result to 2)
4. multiply y[n — 1] by bjand add the result to 3)
5. multiply y[n — 2] by beand add the result to 4) to give y[n].

The values of z[n],z[n — 1],z[n — 2],y[n — 1],y[n — 2] are each stored in memory locations. You might
expect that after y[n| is computed, then in preparation for computing y[n + 1] we would use a sequence of
instructions to move x[n + 1] into the old location for z[n]|, move x[n] into the old location for z[n — 1], move
z[n — 1] into the old location for x[n — 2], move y[n] into the old location for y[n — 1], and move y[n — 1] into
the old location for y[n — 2]. However, especially in higher order filters, this would be a huge waste of clock
cycles. Instead, a pointer is used to address the proper memory location at each clock cycle. Therefore, it is
not necessary to move data from memory location to memory location after computer each y[n].

Just as there are a large number of filter structures that implement the same transfer, there are many
algorithms (for a specific DSP) that can implement a given filter structure. Two important factors that you
might consider in selecting a particular algorithm are the speed (number of clock cycles required to compute
each output value) and the errors introduced through finite-precision effects, due to finite length registers
used to represent the real-valued coefficients of the filter as well as the sequence values. We have not yet
discussed finite register length effects, i.e. that the DSP has finite length registers for both memory locations
as well as for the computations in the arithmetic units. This means that the digital filtering algorithm is not
implemented in an exact manner. There will be error at the filter output due to coeflicient quantization, and
arithmetic roundoff. Of course, longer register lengths will reduce the error at the filter output. Generally,
there is a tradeoff between algorithm speed and numerical precision. For a fixed register length, error
usually can be reduced by using a more complicated (than Direct Form I or II) filter structure, requiring
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Figure 5.18: System flowgraph example.

more multiplications, additions, and memory locations. This in turn reduces the speed of the filter. The
filter structure used in practice depends on H(z) (some transfer functions are more difficult to implement
with low error), on the available register length, and on the number of clock cycles available per output.

Example

Find the transfer function of the system in Figure 5.18 and construct a Direct Form II filter structure
that implements the same transfer function.

We immediately label the output of the two adder nodes with the labels y[n] and ¢[n]. From these we
can then write

}-<
—~
N
~
I

6Q(z) +4X ()
Q) = 2X(2)—3:1Q() + %z‘lY(z).

We can reduce these equations using

Q(z) (143271 = 2X(2)+ %z_lY(z)
2X(2) + 2271Y (2)
k) = Qs
which yields
y(2) 2X(z) + 2271Y () L AX(2)

(1+320)
o (1) = (e 1)<

(ks +4)

_Y()
Az =505 (1- )
(16 +12271)
=N

The Direct Form II structure having this transfer function is now given in Figure 5.19 .

This structure is far simpler than the previous one and it computes exactly the same output y[n]. It is
important to note that digital filter structures cannot have delay-free loops.

Example

Consider the filter structure shown in Figure 5.20.

This flowgraph depicts a system that is unrealizable. If we attempt to determine the input-output
relation, we find

y[n] = z[n] + 3y[n] + 2y[n — 1],

however the adder node has a delay-free loop which implies that the output at time n requires the addition
of terms that include the output at time n. It is impossible therefore to compute y[n] at any n.
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Figure 5.20: An unrealizable digital filter structure.

Consider the system shown in Figure 5.21below.

We can immediately write that
W(z) = Hi(2)X(2)

and that
Y(z) = Ha(2)W (2)

which leads to
Y(z) = Hy(2)Hi(2)X(2)
= H(z) = Hs(z)H1(z) = H1(2)H2(2),

where the last line follows from commutativity of multiplication of z-tranforms. This is known as a cascade
combination of two LSI systems.

Consider the system shown in Figure 5.22below.

We can immediately write that

which yields that

This is known as a parallel combination of two LSI systems.
A feedback connection of two LSI systems is depicted in Figure5.23 .

wln

Figure 5.21: A cascade of two LSI systems.
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Figure 5.22: A cascade of two LSI systems.
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Figure 5.23: A feedback connection of two LSI systems.

The transfer function for a feedback connection of LSI systems can readily be obtained by again labeling
the output of the adder node and writing an equation for its output. In this case, we have

W(z) = X(2) + G(2)Y (2)

and we have that

which leads to

Y(z) F(z) (X(2) + G(2)Y (2))
Y()(1-F(2)G(z) = F(2)X(2)
F(z)
Y& = TTEmem
and finally, )
F(z
R EEE)

We see that for a feedback connection, the overall transfer function is given by the so-called “open loop gain”
F(z) divided by one minus the “closed loop gain”, i.e. 1 — F(2)G(2).

5.11 Flowgraph representations of complex-valued systems

5.12 System analysis

As we have seen, the input-output relationship of a linear-shift invariant (LSI) system is captured through its
response to a single input, that due to a discrete-time impulse, or the impulse response of the system. There
are a number of important properties of LSI systems that we can study by observing properties of its impulse
response directly. Perhaps one of the more important properties of such systems is whether or not they are
stable, that is, whether or not the output of the system will remain bounded for all time when the input to
the system is bounded for all time. While for continuous-time systems and circuits stability may be required
for ensuring that components do not become damaged as voltages or currents grow unbounded in a system,
for discrete-time systems, stability can be equally important. For example, practical implementations of
many discrete-time systems involve digital representations of the signals. To ensure proper implementation
of the operations involved, the numerical values of the signal levels must remain within the limits of the
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Figure 5.24: Bounded input z[n], such that |z[n]| < a.

number system used to represent the signals. If the signals are represented using fixed-point arithmetic,
there may be strict bounds on the dynamic range of the signals involved. For example, any real number
—1 < z[n] <1 can be represented as an infinite binary string in two’s complement notation as

N
r=—by+ Zka_k.
k=1

In a practical implementation, only finite-precision representations are available, such that all values might
be represented and computed using fixed-point two’s compliment arithmetic where any signal at a given
point in time would be represented as a B + 1-bit binary string —1 < z[n] < 1,

B
v=—by+ Y bp27".
k=1

Now, if the input signal such a system was carefully conditioned such that it was less than 1 in magnitude,
it is important that not only does the output remain less than 1 in magnitude, but also all intermediate
calculations must also. If not, then the numbers would overflow, and produce incorrect results, i.e. they
would not represent the true output of the LSI system to the given input. If the discrete-time system
were used to control a mechanical system such as an aircraft, such miscalculations due to instability of the
discrete-time system could produce erratic or even catastrophic results.

5.13 BIBO stability

A system is bounded-input, bounded-output (BIBO) stable if for every bounded input, x[n], the resulting
output, y[n], is bounded. That is, if there exists a fixed positive constant «, such that

|z[n]| < a < oo, for all n,
then there exists a fixed positive constant (3, such that
ly[n]| < B < oo, for all n,

where the constants a and § are fixed, meaning that they do not depend on n. Graphically, if every bounded
input x[n] as shown in Figure 5.24
causes a bounded output y[n] as shown in Figure 5.25
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Figure 5.25: Bounded output y[n], such that |y[n]| < 5.

then the system is BIBO stable.then system is BIBO stable. Note that BIBO stability is a property of
the system and not the inputs or outputs. While it may be possible to find specific bounded inputs such
that the outputs remain bounded, a system is only BIBO stable if the output remains stable for all possible
inputs. If there exists even one input for which the output grows unbounded, then the system is not stable
in the BIBO sense.

How do we check if a system is BIBO stable? We cannot possibly try every bounded input and check that
the resulting outputs are bounded. Rather, the input-output relationship must be used to prove that BIBO
stability holds. Similarly, the following theorems can be used to provide simple tests for BIBO stability. It
turns out that we can show that BIBO stability can be determined directly from the impulse respnse of an
LSI system. Specifically, an LSI system with impulse response h[n] is BIBO stable if and only if the impulse
response is absolutely summable. That is,

LSI system is BIBO stable < Z |h[n]| < oo.

n=—oo

To show both sides of the if and only if relationship, we start with assuming that h[n] is absolutely summable,
and seek to show that the output is bounded (sufficiency). This can be shown directly from the definition
of an LSI system, i.e. from the convolution sum. We can write

oo

y[n] = Z x[n — mlh[m].

m=—0o0

Now, we take the absolute value of both sides and obtain

which can be upper bounded by
ylnll < Y Jwfn —m]||h[ml].

Now we want to see that if |z[n]| < athat we can find a suitable 8 such that |y[n]| < 8. We have that

o0

lylll <a Y |h[m]l,

m=—0o0
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and since we assumed that
oo

S Ihlnll =7 < o0,

n=—oo

we have

ly[n]| < oy =B < 0.

To show the other direction of the if and only if relation (necessity), we need to show that when the impulse
response is not absolutely summable, then there exists a sequence z[n] that is bounded, but for which the
output of the system is not bounded. That is, given that the sum > ~_ _ |h[m]| diverges, we need to show
that there exists a bounded sequence x[n] that produces an output y[n] such that for some fixed ng the
convolution sum diverges, i.e., y[ng] is not bounded. From the convolution sum, we have

oo

ylol = Y wlmlhlng —m].
By selecting the sequence z[n] to be such that z[m] = h*[ng — m]/|h[ng — m]|, (for real-valued h[n], this

amounts to z[m] = sgn (h[ng —m]) = £1), then we have that

oo

h*[ng — m]h[ng — m)
n
y[ 0] m;w |h[n0 _ m“
i |hfng —m]|?
e 1m0 —ml|
= > |klno —ml|
and letting £ = ng — m, we obtain that
ylnol = Y |AlH],
k=—o0

which diverges, completing the proof.

BIBO stablility of a system can also be directly determined from the transfer function H(z), relating
the z-transform of the input to the z-transform of the output. Specifically, we have that for an LSI system
with a rational transfer function, the system is BIBO stable if and only if the region of convergence includes
the unit circle. For causal systems, this means that all of the poles of the system are inside the unit circle.
Specifically, we have that

An LSI system with transfer function H(z)is BIBO stable <= ROCy C |z| = 1.

We will show this result specifically for causal systems, noting that generalizing the result to left-sided and
two-sided seqeunces is straightforward. First, to prove sufficiency, assume the region of convergence ROC'y
includes the unit circle. Next, to illustrate that this implies absolute summability, i.e. Y 2 |h[n]| < oo,
we consider the poles of the system function. First, the poles (roots of the denominator polynomial) must
lie inside the unit circle since we have assumed that the region of convergence includes the unit circle, and
for causal systems, i.e. systems for which h[rn] = 0 for n < 0, we know ROCY is given by |z| > R for some
R > 0. Since this must include the unit circle, then we have that R < 1 and all of the poles lie inside the
unit circle.

The inverse z-transform, as determined by the partial fraction expansion of the system function H(z)

takes the form
N

hln] = Z bi(pr)", n >0,
k=0
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assuming there are no repeated roots in the denominator polynomial. Since we have that |py| < 1 for all of
the poles, we know that

> > lbwllpe]"uln)

n=-—oo n=—oo k=0

(]
|

oo

= Sl Y el uln]
k=0

= n=—oo

For the case of repeated roots, we would simply have to show that series of the form

o0

> ot ()"

k=0
are convergent. This is readily shown by the ratio test, where we compare the (n + 1)th term to the nth
term in the series. Here we have

+ 1)L

L n+1
TR ) i N
n

n—o00 nl |pk|” n—o00

Ipk| = |pi| < 1,

which implies that these series also all converge, indicating that even for repeated roots, we have that a
causal LSI system whose ROC includes the unit circle will have an absolutely summable impulse response,
and therefore will be BIBO stable.

To show necessity, we assume BIBO stability, and hence absolute summability of the impulse response,
and then, for any point z on the unit circle, we have that

[H(2)] =1 = Zh[n]z_"
n=0 |z|=1
< [l
n=0 |z|=1
<

> hln]l1] ™"

< 3 Jhlnl| < o,

n=0

which implies that the region of convergence includes the unit circle and completes the proof. This indeed
implies that for a causal LSI system with a rational transfer function (in minimal form), the system is BIBO
stable if and only if all of its poles are inside the unit circle.

5.14 System properties from the system function

Some of the properties we have developed are explored in several examples.
Example
Consider the following LSI system with impulse response h[n], we have that

h[n] = cos(fn)u[n]

which leads to

oo

Y Inlnll =" | cos(@n),

n=—oo
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which diverges. Therefore, the system is not BIBO stable.
Example
Consider the following transfer function for a causal LSI system,

22 —3z+42
H =
) 23 —222+1z-1
which after factoring the demoninator, yields,
—1)(z—2 -1
Hy - E=DE= (=)

(2+4)(z-2) 22+3

We see that H(z) has poles at z = i%. The system is therefore causal and has all of its poles inside the unit
circle. Therefore the system is BIBO stable. Note that as done in this example, factors that are common to
the numerator and denominator must be cancelled before applying the stability test.

Example

Consider the following system function of an LSI system,

H(z)

_ z
2+ 100’

2| < 100.

Note that this is a non-causal system, with a left-sided impulse response. The ROC in this case includes the
unit circle, and therefore the system is BIBO stable.

Example

Consider the following impulse response of an LSI system,

4n, 0 <n <106,
hln] =< n ()", n>10°
0, n < 0.

Testing for absolute summability of the impulse response, we see that

%S 108 0 1 n
h[n]| = 4n -] <
Sill=3 s 3 n(3) <o
n=0 n=0 n=1064+1
and therefore the system is BIBO stable.

We continue exploring the properties of LSI systems through observation of their system functions (that is,
the z-transform of the impulse response), with a focus on the relationship between the region of convergence
of the z-transform and the stability and causality of the system.

Example

Consider the following system function of a stable LSI system,

can it be causal?

Answer: No, it cannot be causal. First, note that although the region of convergence is not explicitly
stated, it is implicitly determined. Noting that the system is stable, we know that the region of convergence
must include the unit circle. Given the pole locations, we know that the region of convergence must be
z: 1 < |z| <2 implying that the impulse response will have leftsided and right-sided components and that
h[n] must be two-sided, i.e. that H(z) is a two-sided z-transform. Since the impulse response is two-sided,
this implies that the system cannot be causal, i.e. h[n| is non-zero for n < 0 and from the convolution sum,

yln) = Y hmlzln —m],

k=—o00

we see that this implies that y[n] depends on values of z[m] for m > n.
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Figure 5.26: Pole-zero plot for an LSI sys-
tem.
Example

Consider the following discrete time system,

Is this system stable?

Answer: This system is not linear. Therefore, we cannot apply a stability test involving either the
impulse response or transfer function, since the tests discussed so far apply only to LSI systems. Since
this system is not LSI, the convolution sum does not hold, so that the input output relationship does not
satisfy y[n] = z[n] * h[nJor Y(2) = H(2)X(z). Instead, we appeal to the definition of BIBO stability.Since
|z[n]| < afor all n, then we have that |y[n]| < a? < oo for all n. Therefore, the system is indeed stable, albeit
nonlinear.

Unbounded Outputs

Given an unstable LSI system, how do we find a bounded input that will cause an unbounded output?
This will be illustrated by example for some causal systems in the following examples.

Example

Consider the following causal LSI system with pole-zero plot shown in Figure 5.26 and with system
function H(z) given by

z

The impulse response is therefore given by h[n] = 2™u[n| and is itself unbounded. Since h[n] grows
without bound, almost any bounded input will cause the output to be unbounded. For example, taking
x[n] = §[n]would yield y[n] = h[n].

Example

Now consider the following LSI system with system function

z
H(z) = ——,|2| > 1.
(2) = ==, 4
Although the system is not stable, the impulse response remains bounded, as h[n] = u[n], in this case. Here

we could choose z[n] = u[n] (which is bounded) so that y[n] will be a linear ramp in time. Looking at the
z-transform of the output, this corresponds to forcing Y (z) to have a double pole at z =1, i.e.
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which for the region of convergence of this output corresponds to a sequence that grows linearly in time.
Example
Here we consider an LSI system with a complex-conjugate pole pair on the unit circle. Let

2% — zcos(a)
(z —ei®) (z — e—d)

H(z) = )z > 1.

The complex conjugate pair of poles on the unit circle corresponds to a sinusoidal oscillating impulse response,
h[n] = cos(an)uln].

Thinking of the z-transform of the output, note that choosing xz[n] = hln| will cause Y'(z) to have double
poles at z = e/ which will in turn cause y[n] to have the form of n times cos(an), which grows unbounded.
From these examples with causal systems, we see that for systems with poles outside the unit circle, since the
impulse response itself grows unbounded, substantial effort would be required to find a bounded input that
will not cause an unbounded output. For poles on the unit circle, it is more difficult to find bounded inputs
that ultimately cause the output to be unbounded. In some fields, such as dynamic systems or control, LSI
systems with poles on the unit circle are called “marginally stable” systems. In our terminology, they are
simply unstable systems.
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